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6 Investigation of the Ds1 structure via Bc to
Ds1l

+l−/νν̄ transitions in QCD

M. Ghanaatiana, R. Khosravib

aPhysics Department , Payame Noor University, Iran
bPhysics Department , Shiraz University, Shiraz 71454, Iran

Abstract. We investigate the structure of the Ds1(2460, 2536)(JP = 1+) mesons via ana-
lyzing the semileptonic Bc → Ds1l+l−, l = τ, µ, e and Bc → Ds1νν̄ transitions in the
frame work of the three–point QCD sum rules. We consider the Ds1 meson as a conven-
tional cs̄ meson in two ways, the pure |cs̄〉 state. The obtained results for the form factors
are used to evaluate the decay rates and branching ratios. Any future experimental mea-
surement on these form factors as well as decay rates and branching fractions and their
comparison with the obtained results in the present work can give considerable informa-
tion about the structure of this meson.

6.1 Introduction

In this work, taking into account the gluon condensate corrections, we analyze
the rare semileptonic Bc → Ds1 l+l−, l = τ, µ, e and Bc → Ds1νν̄ transitions in
three–point QCD sum rules (3PSR) approach. Note that, the Bc → (D∗, D∗

s, Ds1(24

60))νν̄ transitions have been studied in Ref. [1], but assuming the Ds1 only as cs̄.
The Bc → Dq l+l−/νν̄ [2], Bc → D∗

q l+l−, (q = d, s) [3] transitions have also
been analyzed in the same framework.

The heavy Bc meson contains two heavy quarks b and c with different charges.
This meson is similar to the charmonium and bottomonium in the spectroscopy,
but in contrast to the charmonium and bottomonium, the Bc decays only via
weak interaction and has a long lifetime. The study of the Bc transitions are use-
ful for more precise determination of the Cabibbo, Kabayashi, Maskawa (CKM)
matrix elements in the weak decays.

The rare semileptonic Bc → Ds1l+l−/νν̄ decays occur at loop level by elec-
troweak penguin and weak box diagrams in the standard model (SM) via the fla-
vor changing neutral current (FCNC) transition of b → sl+l−. The FCNC decays
of Bc meson are sensitive to new physics (NP) contributions to penguin opera-
tors. Therefore, the study of such FCNC transitions can improve the information
about:

• The CP violation, T violation and polarization asymmetries in b → s penguin
channels, that occur in weak interactions .

• New operators or operators that are subdominant in the SM ,
• Establishing NP and flavor physics beyond the SM.
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To obtain the form factors of the semileptonic Bc → Ds1(2460[2536]) tran-
sitions, first, we will suppose the Ds1(2460) and Ds1(2536) axial vector mesons
as the pure |cs̄〉 state and calculate the related form factors. Second, we will con-
sider the Ds1 meson as a mixture of two components |Ds11〉 and |Ds12〉 states
and calculate the form factors of the Bc → Ds11 and Bc → Ds12 transitions.
With the help of Eq. (6.1) and the definition of the form factors which will be
presented in the next section, we will derive the transition form factors of Bc →
Ds1(2460[2536]) decays as a function of the mixing angle θs. The future experi-
mental study of such rare decays and comparison of the results with the predic-
tions of theoretical calculations can improve the information about the structure
of Ds1 meson and the mixing angle θs.

6.2 The form factors of Bc → Ds1 transition in 3PSR

To calculate the form factors within three-point QCD sum rules method, the fol-
lowing three-point correlation functions are used [1,2,3,4]:

ΠV−A
µν (p2, p ′2, q2) = i2

∫
d4xd4ye−ipxeip ′y〈0 | T [JDs1

ν (y)JV−A
µ (0)JBc

†
(x)] | 0〉,

ΠT−PT
µν (p2, p ′2, q2) = i2

∫
d4xd4ye−ipxeip ′y〈0 | T [JDs1

ν (y)JT−PT
µ (0)JBc

†
(x)] | 0〉,

(6.1)

where JDs1
ν (y) = cγνγ5s and JBc(x) = cγ5b are the interpolating currents of the

initial and final meson states, respectively. JV−A
µ = sγµ(1−γ5)b and JT−PT

µ = s

σµνqν(1 + γ5)b are the vector-axial vector and tensor-pseudo tensor parts of the
transition currents. In QCD sum rules approach, we can obtain the correlation
function of Eq. (6.1) in two sides. The phenomenological or physical part is cal-
culated saturating the correlator by a tower of hadrons with the same quantum
numbers as interpolating currents. The QCD or theoretical part, on the other side
is obtained in terms of the quarks and gluons interacting in the QCD vacuum. To
drive the phenomenological part of the correlators given in Eq. (6.1), two com-
plete sets of intermediate states with the same quantum numbers as the currents
JDs1

and JBc are inserted. This procedure leads to the following representations
of the above-mentioned correlators:

ΠV−A
µν (p2, p ′2, q2) =

〈0 | JDs1
ν | Ds1(p ′, ε)〉〈Ds1(p ′, ε) | JV−A

µ | Bc(p)〉〈Bc(p) | JBc
†

| 0〉
(p ′2 − m2

Ds1
)(p2 − m2

Bc
)

+ higher resonances and continuum states ,

ΠT−PT
µν (p2, p ′2, q2) =

〈0 | JDs1
ν | Ds1(p ′, ε)〉〈Ds1(p ′, ε) | JT−PT

µ | Bc(p)〉〈Bc(p) | JBc
†

| 0〉
(p ′2 − m2

Ds1
)(p2 − m2

Bc
)

+ higher resonances and continuum states . (6.2)
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The following matrix elements are defined in the standard way in terms of the
leptonic decay constants of the Ds1 and Bc mesons as:

〈0 | Jν
Ds1

| Ds1(p ′, ε)〉 = fDs1
mDs1

εν , 〈0 | JBc | Bc(p)〉 = i
fBcm2

Bc

mb + mc
. (6.3)

To parameterized the matrix elements in terms of the transition form factors
considering the Lorentz invariance and parity considerations.

〈Ds1(p ′, ε) | sγµγ5b | Bc(p)〉 =
2ABc→Ds1

V (q2)

mBc + mDs1

εµναβε∗νpαp ′β,

〈Ds1(p ′, ε) | sγµb | Bc(p)〉 = − iABc→Ds1

0 (q2)(mBc + mDs1
)ε∗µ

+ i
ABc→Ds1

1 (q2)

mBc + mDs1

(ε∗p)Pµ

+ i
ABc→Ds1

2 (q2)

mBc + mDs1

(ε∗p)qµ ,

〈Ds1(p ′, ε) | sσµνqνγ5b | Bc(p)〉 = 2 TBc→Ds1

V (q2) iεµναβε∗νpαp ′β,

〈Ds1(p ′, ε) | sσµνqνb | Bc(p)〉 = TBc→Ds1

0 (q2)[ε∗µ(m2
Bc

− m2
Ds1

) − (ε∗p)Pµ]

+ TBc→Ds1

1 (q2) (ε∗p)[qµ −
q2

m2
Bc

− m2
Ds1

Pµ],

(6.4)

where ABc→Ds1

i (q2), i = V, 0, 1, 2 and TBc→Ds1

j (q2), j = V, 0, 1 are the transition
form factors, Pµ = (p + p ′)µ and qµ = (p − p ′)µ. Here, q2 is the momentum
transfer squared of the Z boson (photon). In order to our calculations be simple,
the following redefinitions of the transition form factors are considered :

A
′Bc→Ds1

V (q2) =
2ABc→Ds1

V (q2)

mBc + mDs1

,

A
′Bc→Ds1

0 (q2) = ABc→Ds1

0 (q2)(mBc + mDs1
) ,

A
′Bc→Ds1

1 (q2) = −
ABc→Ds1

1 (q2)

mBc + mDs1

,

A
′Bc→Ds1

2 (q2) = −
ABc→Ds1

2 (q2)

mBc + mDs1

,

T
′Bc→Ds1

V (q2) = −2TBc→Ds1

V (q2) ,

T
′Bc→Ds1

0 (q2) = − TBc→Ds1

0 (q2)(m2
Bc

− m2
Ds1

) ,

T
′Bc→Ds1

1 (q2) = − TBc→Ds1

1 (q2) . (6.5)
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Using Eq. (6.4), Eq. (6.5) and Eq. (6.3) in Eq. (6.2) and performing summation
over the polarization of Ds1 meson we obtain:

ΠV−A
µν (p2, p ′2, q2) = −

fBcm2
Bc

(mb + mc)

fDs1
mDs1

(p ′2 − m2
Ds1

)(p2 − m2
Bc

)
×

[
iA

′Bc→Ds1

V (q2)εµναβpαp ′β

+ A
′Bc→Ds1

0 (q2)gµν + A
′Bc→Ds1

1 (q2)Pµpν + A
′Bc→Ds1

2 (q2)qµpν

]

+ excited states,

ΠT−PT
µν (p2, p ′2, q2) = −

fBcm2
Bc

(mb + mc)

fDs1
mDs1

(p ′2 − m2
Ds1

)(p2 − m2
Bc

)
×

[
T
′Bc→Ds1

V (q2)εµναβpαp ′β

− i T
′Bc→Ds1

0 (q2)gµν − i T
′Bc→Ds1

1 (q2)qµpν

]
+ excited states.

(6.6)

To calculate the form factors, A
′
V , A

′
0, A

′
1, A

′
2, T

′
V , T

′
0 and T

′
1 , we will choose

the structures, iεµναβpαp ′β, gµν, Pµpν, qµpν, from ΠV−A
µν and εµναβpαp ′β, igµν

and iqµpν from ΠT−PT
µν , respectively.

On the QCD side, using the operator product expansion (OPE), we can ob-
tain the correlation function in quark-gluon language in the deep Euclidean re-

gion where p2 ¿ (mb + mc)2, p
′2 ¿ (m2

c + m2
s). For this aim, the correlators are

written as:

ΠV−A
µν (p2, p ′2, q2) = i ΠV−A

V εµναβpαp ′β + ΠV−A
0 gµν + ΠV−A

1 Pµpν + ΠV−A
2 qµpν,

ΠT−PT
µν (p2, p ′2, q2) = ΠT−PT

V εµναβpαp ′β − i ΠT−PT
0 gµν − i ΠT−PT

1 qµpν, (6.7)

where, each Πi function is defined in terms of the perturbative and non-perturbative
parts as:

Πi(p
2, p ′2, q2) = Π

per
i (p2, p ′2, q2) + Π

nonper
i (p2, p ′2, q2) . (6.8)

Performing the double Borel transformations over the variables p2 and p
′2

on the physical as well as perturbative parts of the correlation functions and
equating the coefficients of the selected structures from both sides, the sum rules
for the form factors A

′Bc→Ds1

i are obtained:

A
′Bc→Ds1

i = −
(mb + mc)

fBcm2
Bc

fDs1
mDs1

e

m2
Bc

M2
1 e

m2
Ds1

M2
2

{
−

1

4π2

∫s′0

m2
c

ds′
∫s0

sL

ρV−A
i (s, s′, q2)

e
−s

M2
1 e

−s
′

M2
2 − iM2

1M2
2

〈αs

π
G2

〉 CV−A
i

6

}
, (6.9)

where i = V, 0, 1, 2 and for form factors T
′Bc→Ds1

j , we get

T
′Bc→Ds1

j = −
(mb + mc)

fBcm2
Bc

fDs1
mDs1

e

m2
Bc

M2
1 e

m2
Ds1

M2
2

{
−

1

4π2

∫s′0

m2
c

ds′
∫s0

sL

ρT−PT
j (s, s′, q2)

e
−s

M2
1 e

−s
′

M2
2 − iM2

1M2
2

〈αs

π
G2

〉 CT−PT
j

6

}
. (6.10)
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where j = V, 0, 1. The s0 and s
′
0 are the continuum thresholds in Bc and Ds1 chan-

nels, respectively and lower bound sL in the integrals. We calculated the explicit
expressions of the coefficients C

V−A(T−PT)
i(j) correspond to gluon condensates.

6.3 Numerical analysis

In this section, we present our numerical analysis of the form factors Ai , (i =

V, 0, 1, 2) and Tj , (j = V, 0, 1). From the sum rules expressions of the form fac-
tors, it is clear that the main input parameters entering the expressions are gluon
condensates, elements of the CKM matrix Vtb and Vts, leptonic decay constants
fBc , fDs1

, fDs11 and fDs12, Borel parameters M2
1 and M2

2 as well as the contin-
uum thresholds s0 and s ′0. We choose the values of the condensates (at a fixed
renormalization scale of about 1 GeV), leptonic decay constants , CKM matrix
elements, quark and meson masses [5,6,7,8,9,10,11,12,13].

First, we would like to consider the Ds1 meson as the pure |cs̄〉 state. To
calculate the branching ratios of the Bc → Ds1(2460[2536])l+l−/νν̄ decays, we
use the total mean life time τBc = (0.46 ± 0.07) ps [13]. Our numerical analysis
shows that the contribution of the non-perturbative part (the gluon condensate
diagrams ) is about 12% of the total and the main contribution comes from the
perturbative part of the form factors. The values for the branching ratio of these
decays are obtained as presented in Table 6.1, when only the short distance (SD)
effects are considered.

MODS BR MODS BR

Bc → Ds1(2460)νν̄ (3.26± 1.10)× 10−7 Bc → Ds1(2536)νν̄ (2.76± 0.88)× 10−7

Bc → Ds1(2460)e+e− (5.40± 1.70)× 10−6 Bc → Ds1(2536)e+e− (2.91± 0.93)× 10−6

Bc → Ds1(2460)µ+µ− (2.27± 0.95)× 10−6 Bc → Ds1(2536)µ+µ− (1.96± 0.63)× 10−6

Bc → Ds1(2460)τ+τ− (1.42± 0.45)× 10−8 Bc → Ds1(2536)τ+τ− (0.68± 0.21)× 10−8

Table 6.1. The branching ratios of the semileptonic Bc → Ds1(2460)l+l−/νν̄ and Bc →
Ds1(2536)l+l−/νν̄ decays with SD effects.
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Abstract. Using Boltzman distribution in a quark-gluon plasma sample it is possible to
obtain all existing magic numbers and their extensions without applying the spin and
spin-orbit couplings. In this model it is assumed that in a quark-gluon thermodynamic
plasma, quarks have no interactions and they are trying to form nucleons. Considering a
lattice for a central quark and the surrounding quarks, using a statistical approach to find
the maximum number of microstates, the origin of magic numbers is explained and a new
magic number is obtained.

7.1 Introduction

There are certain elements in the universe with relative high stability and abun-
dance whose neutron or proton numbers are called magic numbers. Historically,
their stability and excited energies were first found [1] but the origin of magic
numbers remained as a mystery. Of course there are some explanations about
these numbers from shell model of nuclei, mainly from observation of appar-
ent similarities between these magic numbers and nucleon numbers that fill the
nuclear shells. In nuclear shell model it is assumed that the nucleon is orbiting
in a nuclear spherical potential well and the energy gaps between the spectral
lines obtained from such potential well correspond to the stability of nuclei. Such
correspondence was not accurate enough, therefore several researchers, mainly
Maria Goepert Mayer [2] included the effect of spin and spin-orbit coupling in
the nuclear Hamiltonian as a perturbation from which new energy gaps were
observed in more agreement with the observed magic numbers. Eventually the
shell model was built explaining the nuclear structure and position of constituent
particles with no satisfactory explanation about the origin of the magic numbers.

In this research it is intended to investigate the origin of these magic numbers
via quark-gluon plasma media. In this model it is assumed that in a quark-gluon
thermodynamic plasma in which the quark have no interaction, quark are trying
to form nucleons. If we accept that the stability of a thermodynamical system
is obtained when the system is in maximum disorder or maximum number of
complexions, then by considering different isolated system containing one central
quark and 2, 3, 4, 5, 6, 7 and at most 8 surrounding quarks embracing the central
quark, these can find maximum number of microstates that correspond exactly
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to magic numbers. From statistical point of view it will be clear that why it is
unlikely to have a central quark with 8 surrounding quarks and therefore very
likely to have a central one with 2 or 3 quarks around it.

7.2 Colored quark-gluon plasma and magic numbers

The hot quark-gluon plasma (QGP) exists right after big-bang and by relativistic
expansion cool down and change to proton and neutron. In the continued process
of expansion, different nuclei are formed (nucleation) via Boltzman equilibrium
process [3,4,5,6,7]. These formed nuclei are most stable at magic numbers. We in-
tend to investigate how and under what conditions the quarks with color and
flavor form proton and neutron and what the origin of magic numbers is in such
QGP. It is not intended to describe the quark distribution after the formation of
proton which is given in terms of structure functions. If the QGP is considered as
a thermodynamical media then it should proceed toward maximum disorder. It
should be investigated that how such system approach equilibrium. The thermo-
dynamical state is a stable system with maximum probability state, i.e., the most
probable state with maximum number of complexion.

Now consider a thermodynamical state of quarks in motion. In such QGP
soup the quarks are not absolutely free. This is known from lattice QCD theory
[8]. In fact in such QGP soup, the gluons connect to the nearby quarks with a force
much weaker than the binding force. The QGP media is assumed as an ideal gas
model. In such model consider a quark to be trying to form a nucleon capturing
two quarks of different flavor. In such competing space between quarks different
nucleon formation cases happen.

If there is only two d-quark with no color neighboring the central u-quark,
then there is no competition and state ud1d2 is formed. But from standard model
each quark have 3 color and d1 and d2 must be of different color say green and
blue, therefore two competing cases exist namely, a red u with blue d1 and green
d2 or with green d1 and blue d2. So we get number 2 as the first magic number.

Now consider that there are three d-quarks neighboring the central u-quark,
then there are three cases namely, ud1d2, ud1d3 and ud2d3. If their color is also
taken into account, then there are six cases in addition to the previous two cases
and we get eight cases to form a proton, i.e., the second magic number. Lets con-
sider four neighboring d-quarks. If only two of them compete, we have 2 cases
and if three of them participate in this competition then we have six cases and
if all four compete then we get 12 cases. The total number of cases is therefore
2+6+12=20. This is the third magic number.

It is interesting to note that in both the spin and spin-orbit coupling interpre-
tations to explain magic numbers [9] and numerical explanation of Bagge [10],
two separate series were introduced namely,(2,8,20,40,70,112) and (2,6,14,28,50,82
,126). After the magic number 20, there was a jump from the first series to the sec-
ond series to obtain number 28.

If we consider 5 quarks neighboring the central one, the competition between
these 5 quarks in addition to previous ones given us 40 cases which is exactly the
fourth number from the first series and for 6 and 7 neighboring quarks 70 and
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112 cases are obtained and the same historical problem do exist. To resolve this
problem in our model, the QGP condition is utilized and ”imposed quarks” are
introduced. From lattice QCD theory it is clear that quarks are not free and there
exist some weak attractive forces between quarks in QGP soup and that is why
it is called a soup. Now suppose there are four d quarks neighboring the central
u-quark one as obtained before there are 20 cases competing to form a proton. If
each d-quark is considered to be close to its own neighbors. then if for example
d is absorbed by it then the closest quark to d which has the strongest attraction
force to d will accompany it and participate. Lets call it d′ and this is named as
imposed quark.

This quark come from the second level, therefore with one imposed quark for
each initial 4 d-quarks we have ud1d′1 ,ud2d′2, ud3d′3 and ud4d′4 and considering
their colors there are 8 cases in addition to the pervious 20 cases, adding to 28
competing states to form a proton. Lets consider five d-quarks surrounding the
central u-quark, then we have twenty new cases in addition to ten imposed cases
adding to 50 cases 20+20+10=50, which consist of ud1d2, ud1d3, ud1d4, ud1d5,
ud2d3, ud2d4, ud2d5, ud3d4, ud3d5, ud4d5 and ud1d′1, ud2d′2, ud3d′3, ud4d′4
and ud5d′5. Now lets consider six d-quarks around the central u-quark, then we
have: 40+30+12=82. For seven d-quarks participating: 70+42+14=126. Eventually
for eight d-quarks we get 184 cases. This is a new magic number that is obtained
in this model. For more than 8 quarks one has to consider the imposed quarks
from the third level and no additional magic number is obtained.

7.3 Conlusion

A quark-gluon plasma soup model is presented based upon Boltzman distrib-
ution and an alternative approach is suggested to obtain not only the existing
magic numbers exactly but new magic number is introduced. A quark shell struc-
ture in the form of cubic lattice is considered to find the most probable cases and
maximum number of ways that a stable element is formed corresponding to the
magic numbers. While work is in progress to understand how exactly the same
magic numbers appear in nuclear formation, this paper is intended to provide
insight and extended the concept of magic numbers from nuclei to nucleon for-
mation independently.
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