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Vertices of the vector mesons with the strange charmed mesons in QCD
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We investigate the strong form factors and coupling constants of vertices containing the strange
charmed mesons D%, Dy, Dj, and D,; with the vector mesons ¢ and J/ in the framework of the three
point QCD sum rules. Taking into account the nonperturbative part contributions of the correlation
functions, the condensate terms of dimension 3, 4 and 5 related to the contributions of the quark-quark,
gluon-gluon, and quark-gluon condensate, respectively, are evaluated. The present work can give
considerable information about the hadronic processes involving the strange charmed mesons.
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L. INTRODUCTION

The strong form factors and coupling constants associ-
ated with vertices involving mesons are important for the
explanation of hadronic processes in the strong interaction.
They have received wide attention for the new research of
the nature of the charmed pseudoscalar and axial vector
mesons. The strong coupling constants among the charmed
meson such as gpp p, €p*pr> &pDV> and gp*p+y, where P
and V stand for pseudoscalar and vector mesons, respec-
tively, play an important role in understanding the final
state interactions in QCD [1].

The QCD sum rules have been successfully applied to a
wide variety of problems in hadron physics [2] (for details
about this method, see Refs. [3,4]). Some possible vertices
involving charmed mesons such as D*Dr [5,6], DDp [7],
D*D*p [8], DDJ/y [9], D*DJ/ [10], D*D,K, D;DK,
DyD,K, D, DK [11], D*D*P, D*DV, DDV [12], D*"D*m
[13], D*D*J /s [14], D,D*K, D;DK [15], and DDw [16]
have been studied in the framework of the QCD sum rules.
It is very important to know the precise functional form of
the form factors in these vertices and even to know how this
form changes when one or the other (or both) mesons are
off shell [8].

In this work, we consider vertices of vector mesons with
the strange charmed mesons via the three point QCD sum
rules (3PSR); i.e., we calculate the strong form factors and
coupling constants associated with the VD D,, VDD,
VDiD?%, and VD, D, vertices, where V can be ¢ or J/ .
In the 3PSR theory, the calculation begins with a three
point correlation function. The correlation function is
investigated in two phenomenological and theoretical
sides. The strong form factors are estimated by equating
two sides and applying the double Borel transformations
with respect to the momentum of the initial and final states
to suppress the contribution of the higher states and con-
tinuum. Calculating the theoretical part of the correlation
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function consists of two perturbative and nonperturbative
contributions. The nonperturbative part of the correlation
function is called the condensate contribution. The con-
densate term of dimension 3 is related to the contribution
of the quark-quark condensate, and dimension 4 and 5 are
connected to the gluon-gluon and gluon-quark condensate,
respectively. The main points in the present work are the
calculation of the quark-quark, gluon-gluon, and gluon-
quark corrections; these are the most important corrections
of the nonperturbative part of the correlation function in
the 3PSR method.

This paper includes four sections. The calculation of the
sum rules for the strong form factors of the ¢D},D7,
éD,D,, ¢D:D}, and ¢ D, Dy, vertices are presented in
Sec. II. With the necessary changes in the expressions
derived for the strong form factors of the vertices involving
the ¢ meson, such as variations in the type of quarks, we
can easily apply the same calculations for the J/ D},D%,,
J/yD,D,, J/¢yDiD;, and J/¢D, D, vertices. In
Sec. III, the calculations of the quark-quark, gluon-quark,
and gluon-gluon condensate contributions in the Borel
transform scheme are presented. In this section the strong
form factors are derived. Section IV presents our numerical
analysis of the strong form factors as well as the coupling
constants.

II. THE THREE POINT QCD SUM RULES
METHOD

We start with the correlation function in 3PSR to calcu-
late the strong form factors associated with the ¢D3 D7,
éDD,, $D;Dj, and ¢ D, D, meson vertices when both
strange charmed and ¢ mesons can be off shell, in 3PSR
we start with the correlation function. For off-shell
charmed mesons, these correlation functions are given by

2 (p, p')
_p2 f d*xd*ye P =PI TP (x) j2'1(0)7% (v)}O),

(M
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20.(p, P)
=i f dxdtye P POI T2 (x)j2 (0 jL()}O),
2)

where D' stands for the scalar or pseudoscalar charmed
mesons (D7, D), and D" stands for the vector or axial
vector charmed mesons (Dj, D,;). For the off-shell ¢

meson, these quantities are
17 (p, p')

= [ty POITP (07207 G0N 3)

II f,u.a (P, [)/)
= 7 f dxdtye PO TR (x)j1(0) 2 T (HO),
(4)

where jP0 = 35Uc, jP =35yse, j2 =35y,c, jo =
5Y,7vsc, and j‘f = §vy,s are interpolating currents of D5,
D,, Di, Dy, and ¢ mesons, respectively, and have
the same quantum numbers of the associative mesons.

Also, T is the time ordering product, p and p’ are the

ne =

_ {OLP 1D (p)}01” ID' (p)XD'(p)D'(p)| b (g, €)X (g, €15 10)
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(a)

FIG. 1. Perturbative diagrams for the off-shell ¢ (a) and the
off-shell D'(D") (b).

four-momentum of the initial and final mesons, respec-
tively (see Fig. 1).

Equations (1)—(4) can be calculated in two different
ways: In the physical or phenomenological part, the rep-
resentation is in terms of hadronic degrees of freedom
which is responsible for the introduction of the form fac-
tors, decay constants, and masses. In QCD or theoretical
representation, we evaluate the correlation function in
quark-gluon language and in terms of QCD degrees of
freedom like quark-quark condensate, gluon-gluon con-
densate, etc., with the help of the Wilson operator product
expansion (OPE).

In order to calculate the phenomenological parts of the
correlation functions in Egs. (1)—(4), three complete sets of
intermediate states with the same quantum number should

be inserted in these equations. For H‘,f’ and I1 ‘fw, we have

(p? = mp)(p? = mi)(q* = m3)

ny,a -

_{01i2"1D" (p, ©)}012"ID"(p', €)D" (p, D" (p', €)lp(q, €"))b(g, €")]j&10)

+ higher and continuum states, (®)]

(p2 - m%)//)(l?lz - m2D//)(C]2 - mé)

+ higher and continuum states.

(6)

The same process can be easily used for IT12" and H%a. The following matrix elements are defined in the standard way
in terms of strong form factors as well as leptonic decay constants of the charmed and ¢ mesons as

(D'(P)D'(p)l (g, €") = =85y (a2 Py + PL)E™ (),

(D"(p, )D"(p', € (g, €) = ~igh (@D = P)pgua = (@ + Po8an + (@ + Plagusley (@€ (p)ey(p),

©1j”'|D'(p)) = C(D"Ymp f 1,
OI2"|D"(p, €))) = mpnfpre,(p),
O1j1p(q, €M) = myf4eli(q),

(7)

where g = p’ — p, gZD/D/(qz), and g;D”DH (q?) are the strong form factors, m; and f;,i = D', D" and ¢ are the masses and

decay constants of mesons, €, €’ and €” are the polarization vector of the vector mesons. Also, C(D},) = 1 and C(Dy) =

mp
(mg+m) "

Using Eq. (7) in Egs. (5) and (6), and after some calculations, we obtain
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C D/ 2m m2/ 2/
LD mgmiy S o5 5~(p, + other structures) + higher and continuum states,  (8)

17 = g5 pp(a?)
’ PO (p? = mpy)(p? = mpy) (g — m)

m¢f¢f%)u (4m%)u - qz)

né,, = — g¢ i (G%) (g 4aq, + other structures) + higher and continuum states,
a ¢DD (P - m%)// (p 2 — Dr/)(q ) #
&)
/ / [C'(D/):l2 /(m / + m - )
e = 2 (@) v/slb D ¢ q ( p, + other structures) + higher and continuum states, (10)

my(p* —my)(p” — m})(q* —

m¢f¢fD,,(3mD,, + m¢ -q%)
p m¢)(P - mD//)(q - mD//)

Hﬁ;,, =8, D,,D,,( 2) 27 (guaqy * other structures) + higher and continuum states.

Y

With the help of the OPE in the Euclidean region, where p?, p’> — —oo, we calculate the QCD side of the correlation
functions containing perturbative and nonperturbative parts. For this aim, the correlation functions for the D'D’¢ and the
D" D" ¢ vertices are written, respectively, as follows:

%, 2 q) = e + Magiedp, + -+, TR (p% p2 @) = (M + TGig,ad, + 050 (12)

where - - - denotes other structures and higher states.

First, we calculate the perturbative part whose diagrams are shown in Fig. 1.

Using the double dispersion relation for each coefficient of the Lorentz structures p, and g,.q, appearing in the
correlation functions [Eq. (12)], we get

M(o o 2
p" (s s q%) .
Hgﬁr(p "% q%) T jdsjds =6 — D) + subtraction terms, (13)

where p™(s, s/, g%) is the spectral density, and M stands for off-shell mesons D', D", and ¢. We calculate the spectral
densities in terms of the usual Feynman integrals with the help of the Cutkosky rules, where the quark propagators are
replaced by Dirac delta functions pz —— (= 2mi)6(p* — m?).

(i) For the p, structure related to the D’D’¢ vertex:
Py

pg’D/D/ = N[—2kA'ly — 2Iym,(m; + km,) + 2B, (4m,m, + k(4m? + u — 2A"))],

piD,D, = N[—2kA'Iy + 4lym (m, + km,) + 2B,(4mm, + 2k(m% + m? — u))],
where k = 1 for D' = D}, and k = —1 for D' = D;
(i) For the g,,,q, structure related to the D" D" ¢ vertex:
pﬁﬁ)um = —N_J[4A — 8(C, — C,) — 2(B; — By)A + I)(A + A’) — 2m2(B, — B,)
+ 2K10msmc + 2’(Bl - B2 - Io)m% + M(Bl - Bz)],

ploppr = ~NJ[4A = 8(C; — C) — 2(B; — By)A + Iy(A + A') — 2m(B, — By)
+ 4K10msmc + 2(31 - Bz - 210)7”3 + M(Bl - B2)],
where k = 1 for D" = D% and k = —1 for D" = Dy,. The explicit expressions of the coefficients in the spectral densities

entering the sum rules are given as
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Iy(s, s, ¢*) = ————, Ma, b, ¢) = a®> + b* + ¢ — 2ac — 2bc — 2ac, = (s + m} — m}),
42:(s, s', ¢*) ]
= (s' + m} — mj), u=s+s—q>
1y I
B 72/A A’ B, =—% _[2sA’ — Aul,
B T e P OF P e
Iy
A= —72/\(& o qz)[4ss’m§ — sA? — 'A% — uPm3 + uAA'],
Iy
C, = W[SS’2 m3As — 2s'm3Au? — dum3A'ss’ + udmiA’ — 25 A3 + 3s'uA>A’
—2A”?Ass’ — APAu? + usA3],
Iy
C, = W[Ss2 miA's' — 252AB — dum3Ass’ — 2A2A'ss" + 3usAPA — 2sm3Au?
s, s/ -

+ 5'ul + udmiA — A2A'u?),

where N, = 3 is the color factor. It should be noted that in

these coefficients, m; = m, = m,, ms = m, for piD,D,,

piDqu and ml = m3
(see Fig. 1).

_ _ D' D"
= mg, my = m, for p([)D/D/’ p¢D1/D//

III. CONDENSATE CONTRIBUTIONS

In this section, the nonperturbative part contributions of
the correlation function are discussed [Eq. (12)]. In QCD,
the three point correlation function can be evaluated by the
OPE in the deep Euclidean region. For this aim, we expand
the time ordered products of currents contained in the three
point correlation function in terms of a series of local
operators with increasing dimension. Taking into account
the vacuum expectation value of OPE, the expansion of the
correlation function in terms of local operators is written as
follows:

Hper(pz! p/2’ qz) = CO;
Hnonper(pzl pIZ’ 42) = C3<é¢1> + C4<GZI3Gaa’B>
+ C5<q0'aBTaGaan>

+ Celglqqlq) + - - -, (14)

where C; are the Wilson coefficients, G5 4 is the gluon field

strength tensor, and I" and I are the matrices appearing in
the calculations. In Eq. (14), C, is related to the contribu-
tion of the perturbative part of the correlation function, and
the rest of the terms are related to the nonperturbative
contributions of it. The perturbative part contribution of
the correlation function was discussed before. For the
calculation of the nonperturbative contributions (conden-
sate terms), we consider these points:

(a) The condensate terms of dimension 3, 4, and 5 are
related to the contributions of the quark-quark,
gluon-gluon, and quark-gluon condensate, respec-
tively, and are more important than the other terms
in OPE.

(b) In 3PSR, when the light quark is a spectator, the
gluon-gluon condensate contributions can be easily
ignored (see Fig. 2) [17].
When the heavy quark is a spectator, the quark-
quark condensate contributions are suppressed by
the inverse of the heavy quark mass and can be
safely omitted (see Fig. 3) [17].
The quark condensate contributions of the light
quark, which is a nonspectator, are zero after apply-
ing the double Borel transformation with respect to
both variables p? and p'?, because only one variable
appears in the denominator.

Therefore, only three important diagrams of dimension
3 and 5 remain from the nonperturbative part contributions
when the charmed mesons are off shell. These diagrams
named quark-quark and quark-gluon condensate are

VAN A

s s
FIG. 2. Nonperturbative diagrams for the off-shell charmed
mesons in the ¢ D, D%,, $D;D,, ¢D; D5, and ¢ D Dy, vertices.

) ; i S /\%
c
5? % s ? %
FIG. 3. Nonperturbative diagrams for the off-shell ¢» meson in
considering vertices.

©

(d)

@
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shown in Fig. 2. When ¢ is an off-shell meson, the impor-
tant diagrams are the six diagrams of dimension 3. Figure 3
shows these diagrams related to gluon-gluon condensate.

After some straightforward calculations and applying
the double Borel transformations with respect to the
p*(p* — M}) and p”(p” — M?) as

m

o

—

of 1y _ (=)

BPQ(MI)(pz — m%> L(m) (M7)™ (15)
2 1 n_ (D" e "

Bp’z(M2)<p’2 _ mg) I'(n) (M%)”,

where M? and M3 are the Borel parameters, respectively,
the following results are obtained for the quark-quark and
quark-gluon contributions (Fig. 2):
18,V <S§> CD,(D”)
HnDor(ger) = a2 14 (16)
(MiM3)* 12

The explicit expressions for Cg;), o and Cg/[/),, v associated
with the ¢D'D’ and ¢D"D" vertices are given in
Appendix A.

(_ ])a+h+c
1672T(a)T(B)T(c)
I(a b c)=1(a b c)p, + Ira b c)p),

Iy(a, b, c) =

PHYSICAL REVIEW D 87, 016003 (2013)

To obtain the gluon condensate contributions (Fig. 3),
we will follow the same procedure as stated in Ref. [18].
The calculations of the gluon condensate diagrams are
performed in the Fock-Schwinger fixed-point gauge
xtAG = 0, where A¢, is the gluon field. In the calculation
of these diagrams, the following type of integrals appears:

Ly iy, (@, B, )
_ [ d'% Ko,
Q) [k —mZ2][(p + k)* —m2P[(p' + k)? — m3]~’

A7)

where k is the momentum of the spectator quark c. These
integrals can be calculated using the Schwinger represen-
tation for the Euclidean propagator, i.e.,

1 1
[p> +m*]  T(a)
After the Borel transformation using

B (M?)e e = §(1/M? — a), (19)

jwdaa"*e*a@”m”. (18)
0

we obtain

(M) P (M3)* " “Upla+b+c—41—c—b)

(20)

i,u,u(a’ b, C) = i3(a) b, C)p,upv + i4(ar b, C)(p,u,plv + pfu,pu) + iS(a: b, C)pil,plv + i6(ar b, C)g,uw
Liva(p. p)) = I17(a, b, 0)(guuPa + 8uaPv + 8vaPu) + Is(a, b, 0)(8uvPl + 8uaPlh + 8rall) + -+,

where 1, ., 4

B(MDB 2 (M) p*1"[p>)'1

Mg oy

also fl (I=1,...,8) are defined as

P b o) = D
Ka, b, ¢) =1 1672T(a)T'(b)I(c)
) - (_1)a+b+c+1
Inla, b, €)= e S T BT
R - (_1)a+b+c+1
llab.o) = i N T O
P =i D
2 AT (@)D (b)T(c)

= [Mi1" 5]

_ in the above equations represents the double Borel transformed form of integrals as

d” d"

W d(T%)” [M3]"[M3]"]

Mg oy

(M%)l_a_b+k(M%)4_a_C_kUo(a +bhb+c— 5’ 1—c— b),
(M2)=a= b= m(\ ) ~a=c=mU(a + b+ ¢ — 5,1 — ¢ — b),
(M%)%"*b(M%)%“*CUO(a +b+c—62—c—Db),

(M%)747a7b+n(M§)ll*a*C*nUO(a +b+c—72—c— b),

where k = 1,2, m = 3,4, 5 and n = 7, 8. We can define the function Uy(a, B) as
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% B_
Uo(a,b) =f dy(y+ M? +M§)aybexp|:——‘ - B, —Bly:l,
0 y

(21)
where
o= W(m%(M% + M3)* — M5M;Q%),
By = %(m% +m)(M? + M2, B, = %
M1M2 M1M2
(22)

After straightforward but lengthy calculations, we
get the following results for the gluon condensate
contributions:
|

PHYSICAL REVIEW D 87, 016003 (2013)

2

where the explicit expressions for C i ppy and C i prpr are

c®

6 >

Ay

I1 1?0nper = l<_

w

(23)

given in Appendix B.

The QCD sum rules for the strong form factors are
obtained by equating two representations of the correlation
function and applying the Borel transformations with
respect to the p*(p?> — M?) and p"*(p” — M?) on the
phenomenological as well as the perturbative and non-
perturbative parts of the correlation function in order to
suppress the contributions of the higher states and contin-
uum. We obtain the equations for the strong form factors as
follows:

mz /lel
gDI (Clz) = - m¢(q2 _ m%),) eM_?e"%
o0 OO o oy + 1, = )
1 st 55 / -5 -5 (s5) Cg/D’D’
X{—— ds’f dsp? ., (s, s, g*e YMie " }, 24
{ 477'2 ,[(m(&»mx)z 2m? p¢D b ( 4 ) M%M% 12 ( )
2 2 mi m2
Vi 2 — my, -7 ot
g pipn(@?) = — 5 (4 2 )2 seie 2
¢ m¢f¢fD,,(3mD,, + m¢ - q )
1 S(’))// Sg) " 5 *S_/z <S§> Cg;)”D”
X{—— ds’ dsp?., (s, 5", q*e "ie ™ }, 25
{ 4772 ./;mﬁ-ml‘)2 2m? pQSD b ( g ) M%M% 12 ( )
¢ 2 (q° — m%b) '7;;/ ’:;2[
8opp(4) =~ 5 2 ;e te
CD"Ymymi, f o fry
/ / J ¢
1 [P y ~ 3 a Coppy
X{—— ds’[ dsp? (s, s q?e Me 5 — iM2M2<—SG2>—}, 26
{ 47T2 ,/;m{+ms)2 (m,+my)? p¢DD( 1 ) 12 o 6 ( )
2 2 m2” I1l2”
g¢ /1 //(qz) = - 2((’1 _ m¢) eﬂfl)% €ML§
o070 m¢f¢f12)~(4m%~ - q%)
/! /! ! ¢
1 S(l)) Sg ¢ _L2 _3_2 o C¢DHD!/
X1—— dslf ds sn(s, s gPe Mie M2 — iM2M2<—SG2>7}, 27
{ 4772 ,[(m(ﬁrmx)z (m+my)? pqﬁD b ( q ) 1772 T 6 ( )

where sg’ and sOD P are the continuum thresholds in the ¢

and D'(D") mesons, respectively.

IV. NUMERICAL ANALYSIS

In this section, we analyze the strong form factors
and coupling constants for the VD3 D), VDD, VDDy,
and VD Dy, (V = ¢, J/ ) vertices. We choose the values
of meson masses as my = 1.680 GeV, m;,,=3.097GeV,
mp: = 2.317 GeV, mp = 1.968 GeV, mp, = 2.112 GeV,

mp  =2459 GeV [19], (s5)=(0.8*0.2)(uir), and

(uity = (dd) = —(0.240 = 0.010 GeV)® for which we
choose the value of the condensates at a fixed renormaliza-
tion scale of about 1 GeV [20]. Also, the leptonic decay
constants used in the calculation of the QCD sum rule for
these vertices are presented in Table I. For a comprehensive
analysis of the strong form factors and coupling constants,
we use the following values of the quark masses m,. and m;
in three sets presented in Table II.

The expressions for the strong form factors in
Egs. (24)-(27) contain also four auxiliary parameters:
Borel mass parameters M; and M,, and continuum
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The leptonic decay constants in MeV.

fJ/l// f‘/’ fD?o

fD( fD? -stl

405 = 10 [14] 234 £10 [21] 225 =25 [22]

274 = 13 [23] 266 * 32 [22] 240 = 25 [24]

TABLE II. Different values of the quark masses in GeV in
three sets.

Set I Set 11 Set III
m, 1.30 should [14] 1.26 [25] 1.47 [25]
my 0.142(x = 1 GeV) [26] 0.104 [19] 0.104 [19]

thresholds sg’ and sOD '®) These are mathematical objects,
so the physical quantities, i.e., strong form factors and
coupling constants, should be independent of them. The
values of the continuum thresholds are taken to be
Sg) = (Wl¢ + A)2 and SOD/(DH) = (mD/(D//) + A)Z We use
0.4 GeV = A = 1.0 GeV, where Q%> = —g? [25]. The
working regions for M3 and M3 are determined by requir-
ing that the contributions of the higher states and contin-
uum be effectively suppressed, and therefore it guarantees
that the contributions of higher dimensional operators are
small. In this work, we use the following relation between
the Borel masses M; and M, [8,9]:

— == (28)

where m; and m, are the masses of the incoming and
outgoing meson, respectively. According to this relation
between the M; and M, [Eq. (28)], we will have only one
independent Borel mass parameter M. We found good
stability of the sum rule in the interval 14 GeV? = M? <
22 GeV? for all vertices. The dependence of the strong
form factors 847,07y 86D,D,» E4D:D}> and 84D, D, ON
Borel mass parameters M? in Q> = 1 GeV? considering
set IT and A = 0.8 GeV is shown in Fig. 4.

We calculated the Q% dependence of the strong coupling
form factors in the region where the sum rule is valid. So
to extend our results to the full region, we look for

parametrization of the form factors in such a way that in
the validity region of 3PSR, this parametrization coincides
with the sum rules prediction. For off-shell charmed me-
sons, our numerical calculations show that the sufficient
parametrization of the form factors with respect to Q7 is
(monopole fit function)

A

B @)

(0% =
and for the off-shell ¢ meson the strong form factors can
be fitted by the exponential fit function as given (Gaussian
fit function)

g(0?) = Ae= /B, (30)

For different values of the three sets (Table II) and A
(0.4 GeV = A = 1.0 GeV), we analyze the parameters A
and B for the ¢ D3 D), ¢$D;D,, ¢D;D;, and ¢D Dy
vertices. The values of the parameters A and B are given in
Table III. As Table IIT shows, the values of the parameters
A and B in set II are increased by increasing the A value.
Therefore, the dependence of the strong form factors on Q?
are changed. For example, Fig. 5 shows the variation of
the strong form factors g D707, for different amounts of A.

Our calculations show that the left and right diagrams in
Fig. 5 nearly cross each other at one point for different
values of A, which means that the strong coupling constant
can be defined. In the next figure, we clearly show the
intersection point of two diagrams of the strong form
factors in A = 0.8. With regard to the values of set II
and set III, the dependence of the strong form factors on
Q? for the ¢D¥\D%,, $DD,, $D;D}, and ¢D, Dy, ver-
tices is shown in Fig. 6. In this figure, the small circles and
boxes correspond to the form factors via the 3PSR calcu-
lations. As it is seen, the form factors and their fit functions
coincide well together.

2 m~1.26Gev T OPe| T m,=1.26GeV T DDy
N [
> m_=0.104GeV - - -¢DbD 20f m =0.104GeV - - -¢DD
8 o0l ¢ ¢ off-shell $e 9 s charm off-shell $e
- A=0.8GeV oD D ol A=0.8GeV o oD Dy
I le]
o ~
a - = 0D,y —~15 - =00 Dy
AN 11 S S a [P S
) 5 -
5 4
2 10 a 108
e o
b <
< =
em 5k 9 5F
S
______________________________ o
14 15 16 17 18 19 20 21 22 14 15 16 17 18 19 20 21 22

FIG. 4. The strong form factors g 4p/p(¢ppr) as functions of the Borel mass parameter M 2 with the values of set II for the ¢ off shell

meson (left) and the charmed off shell mesons (right).
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TABLE III.

PHYSICAL REVIEW D 87, 016003 (2013)

and A, where A| = 0.5 GeV, A, = 0.6 GeV, A; = 0.8 GeV, and A, = 1.0 GeV.

Parameters appearing in the fit functions for the ¢ D%, D},, ¢D;D;, ¢D;Dj, and ¢ Dy Dy vertices for various m,, m,

Set I Set II Set IIT
Form factor A(Ay) B(A)) A(Ay) B(4,) A(4A3) B(43) A(Ay) B(A,) A(Ay) B(4;)
gﬁD* D, 3.11 2.98 4.74 493 5.89 6.03 7.13 6.92 4.26 5.23
g(/);)mDm 129.77 21.53 147.73 22.59 202.12 25.98 265.42 29.78 213.26 35.38
quD\D\ 1.47 2.72 2.76 4.82 3.14 5.28 3.87 6.68 2.83 5.02
gZ‘Dst 67.11 19.69 87.48 21.67 117.56 24.7 152.17 28.13 166.62 35.94
gﬁD D 4.89 125.45 6.02 127.39 7.38 171.69 8.66 225.45 7.54 234.78
quD D 90.20 21.39 132.178 23.23 202.75 31.39 290.73 36.72 162.15 25.45
gﬁDlesl 12.83 315.78 13.08 317.13 13.82 478.09 14.94 641.45 14.31 868.31
&2 23770 2435 29522 2812 89613 6903  74l6l  SLI9 52289 4201

We define the coupling constant as the value of the strong
coupling form factor at Q> = —m?, in Eqgs. (24)~(27),
where m,, is the mass of the off—shell meson. Considering
the uncertainties in the values of the other input parameters,
we obtain the values of the strong coupling constants in
different values of the three sets shown in Table I'V.

Now, we will provide the same results for the
J/yDiD%, J/ DDy, J/yD;D;, and J/ Dy Dy, ver-
tices. With little change in the expressions presented in
Secs. II and II1, such as the change in the quark permuta-
tions, we can easily find similar results in Eqgs. (24)—(27)
for strong form factors of the new vertices as

IYIZ ’n2
2 _ 2 e ol o'
g?//l//D/D’(qz) = N2 mj/l//gq 2 ") 2 7)¢ " eM%{_L2 /SO as’
CD)miy f iy S (mipy + my, — 4 ) 4= Jm +m)?
S.//l// , s sl Cj/ ,’[ID/D/
X f2 ool e T M2M2< Gz>/+}, G31)

where p1/¢D/D/ = P¢ pipylsoc and CD / =c? by lseoe- / ¥ is the continuum threshold in the J/ ¢ meson, and its value
is (my,, + A)? whereO4GeV<A<1 \?
2 2 m mz/ 1
J !
&0 (42) = Aa~ ) L[
D/IDH - —_—
" myg fjruf o Bmp +m3,, = q%) 47> Jn+m, 2
L J/ ¢
I/ s sl C
So /1 2 2 . [ J/ l,bD"D”
% oo osh gPe M — v %s G2
/2,"3 dspyypipi(s: s, g7)e M M — iMiM; —G c | (32)
o mc:1'26G‘;V A=04GeV 14} mE:1.;GGeV | £=0.4GeV
14} m =0.104GeV o off-shell | T T ~4=0.6GeV 1 0.104GeV b ofianel | T T TA=08GeY
' 12— - O A=0.8GeV
12

90 o @)
¢DSO DSO

0o
9% D @

Q%(GeVd)

Q%(GeVd)

The strong form factor g4p- pr, on Q? for different values of A for the ¢ off shell (left) and the D, off shell (right).
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FIG. 6. The strong form factors g4pp and g4prpr On Q? for different values of the m, and A = 0.8 for the ¢ off shell and the
charmed off shell mesons. The small circles and boxes correspond to the form factors via the 3PSR calculations.
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TABLE IV. The strong coupling constants gp/py and ggprpr in GeV~! for various m, and m;.

PHYSICAL REVIEW D 87, 016003 (2013)

Set I Set II Set III
Coupling constant ch-off-sh ¢-oft-sh ch-off-sh ¢-off-sh ch-off-sh ¢-off-sh
847,07, 8.03 £ 1.30 8.10 £ 1.20 9.20 = 1.67 9.00 = 1.72 7.11 = 1.29 7.31 = 1.40
84D,D, 4.25 +0.92 4,15 = 0.88 5.17 £ 1.34 5.06 = 1.83 5.20 = 1.35 4,97 = 1.80
84D:D* 5.33 = 0.21 4.89 = 0.74 7.28 = 1.74 6.78 = 1.63 7.72 = 1.86 7.64 = 1.84
2op,D,, 1299+ 0.64  1295+081  1418+225  1341+188  1454+231  1435= 20l
where p?) = pP" ... and CP/ =c? |
pj/l/jD//D// p¢D//D// seC J/¢D"D" éD''D" s
( 2 2 ) m;/ '”?)/ o
g (g2 = 1 Y eM_%eM_g{— L fsn ds’'
/D!
J/4D'D C(D/)mj/(pm%)/fj/./;f,zy 47 Jon m,p
/ / _ J/ ¥
5 Iy T (s3) Clryppy
X ds (s, 5, g%e "™ M ———1 (33)
—[(rnc+ml\.)2 p‘]/"bD/D/ g M%M% 12
I/ — ¢ J/ ¢ — D
where pj) i = Pypipilsee and €y = Copiplsec,
— 2 -
€ 18} m =1.26Gev —— DD, & 200 m=1.26Gev —— DD,
§ 16} m_=0.104GeV oy oft-shel| = = ~Y¥P0s o1 18F m 0.104Gev charm off-shell | = = ~Y¥PsDs
o 14f ac0sGev | JD,D, Q t6f a0seev | oo JyDD,
€ 1of - - JuD D, o 14f ~ = V0
ARL| S Qqpf mmmmmm e
2 gl 2 qof
2o ol
:} g % 6
Z ok 5 A
© A Y K S
o2 15 14 15 16 17 18 19 20 12 13 14 15 16 17 18 19 20

M%(GeV?) M2(GeV?)
FIG. 7. The strong form factors g,y p'p/(s/yprpry s functions of the Borel mass parameter M 2 with the values of set II for the J/
off shell (left) and the charmed off shell mesons (right).

TABLE V. Parameters appearing in the fit functions for the g,/ p/p/(s/yp7pr) form factors for various m,, mg, and A, where A,
0.5 GeV, A, = 0.6 GeV, A; = 0.8 GeV, and A, = 1.0 GeV.

Set 1 Set 11 Set 111
Form factor  A(A,)  B(A,) Ay B4y Ay B@Ay) AL B@Ay)  AQdy) B
gj/w .y 3.73 14.31 5.62 31.07 7.20 48.83 8.02 46.03 4.64 46.73
J/L/,D.VI)D.V(I
g?/“i,/D*OD*O 174.95 29.88 179.92 30.10 221.17 30.94 254.72 32.16 129.89 29.18
g%liDx 1.73 253.20 1.96 187.02 2.34 242.44 2.96 251.02 1.86 194.32
g?/“L/,DxD: 160.21 89.05 176.22 92.22 211.61 89.91 284.62 89.32 186.54 101.63
g%gD’:D’: 2.14 23.59 2.79 25.54 3.67 27.76 4.48 31.72 2.87 26.91
g?;wnrnr 499.86 166.02 847.23 199.97 1452.91 282.26 2341.12 403.88 868.24 254.32
g;%D\]DA_I 5.98 29.48 7.46 32.88 8.66 46.79 9.58 60.37 6.93 38.69
g?/:bD\lD.\l 538.94 70.62 724.31 83.10 1033.08 107.17 1489.78 138.33 658.84 86.47
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TABLE VI. The strong coupling constants g, pp and g/ prpr in GeV~! for various m, and m;.

PHYSICAL REVIEW D 87, 016003 (2013)

Set I Set II Set III
Coupling constant ch-off-sh J/ -off-sh ch-off-sh J/ -off-sh ch-off-sh J/ -off-sh
81/y0,07, 7.14 = 1.50 7.32 = 1.20 7.82 =1.97 8.13 £1.93 5.45 = 1.37 5.70 = 1.35
g.]/L/IDXDJF 1.88 = 0.73 1.80 = 0.65 2.33 = 1.01 2.26 = 0.81 1.91 = 0.83 1.95 = 0.70
21/ 0D 3.09 + 0.52 321 = 0.61 469 = 1.34 459 + 1.58 3.47 + 0.99 409 = 1.41
87/ 4D D 8.35 £ 091 8.29 £ 0.97 9.91 = 1.35 10.19 £ 1.30 8.19 £ 1.12 8.89 £ 1.14
/l/ s1 51
2 2
2 _ 02 o Mo 1
lptad) = o) L g
I/yD"D mj/(pfj/wff)u(“méu - qz) 4’ (me+my)?
/" . ! — ‘]/w
Sg I/ -5 <ss> CJ/lﬂD”D”
X ds (s, s gPe MM BELLA e 34
[<mc+ms>z Py (s 8+ 47) MM 12 (34
|
7 J i

where ij iD”D” — pi piprlsoe  and CJ; iD”D” - The dependence of the above strong coupling form

/!

cP |
¢D//D/I Se>Ce
The dependence of the strong form factors g 1/ W7Dy

81/yp,D,» 8&1/yp:pt> and gy p p, on the Borel mass pa-
rameters M? for the values of set II, A = 0.8 GeV and
Q? = 1 GeV? are shown in Fig. 7.

For all these vertices, good stability occurs in the inter-
val 12 GeV? = M? = 20 GeV>.

TABLE VII. Parameters appearing in the fit functions for the
¢D'D'(¢pD"D") and J/yD'D'(J/yD"D") form factors in
SU[(3) symmetry with m. = 1.26 GeV and A = 0.8 GeV.

Form factor A B Form factor A B
o 615 567 &y, 739 5443
gﬁﬁgmo 21464 2640 g?f;,DioD:O 237.60 3173
%o.n, 213 463 ghn ), 201 213.63
gnp, 11808 3274  g)l,pp 20469 103.05
89 pip: 719 25434 gl 347 29.19
ghp: 19106 2908 g),pp 257027 52258
Ay 1514 37005 g\, o 9.13 4375
Ay 65085 4839 g}, ,, 114921 11347

factors in Eqgs. (31)-(34) on Q7 to the full physical region
is estimated using Eqgs. (29) and (30) for the off-shell
charmed mesons and the off-shell J/ s, respectively. The
values of the parameters A and B for the g; D7D,
81/yD.D,> &1/yp:pts and g5,y p p  form factors in different
amounts of the m., m,, and A are given in Table V. The
dependence of the strong form factors on Q for the values
of set I and set Il and A = 0.8 is shown in Fig. 8. As before
in these figures, the small circles and boxes correspond to
the form factors via 3PSR calculations.

Considering the errors of the input parameters,
the strong coupling constant values of the J/¢D'D’
(J/ ¢ D"D") vertices for three sets are shown in Table VL.

Our numerical analysis shows that the contribution of
the nonperturbative part containing the quark-quark
and quark-gluon diagrams is about 17%, the gluon-gluon
contribution is about 6% of the total, and the main con-
tribution comes from the perturbative part of the strong
form factors.

The errors are estimated by the variation of the Borel
parameter M?, the variation of the continuum thresholds
s(‘f , sé/ Y, and s(l)) ) the leptonic decay constants, and
uncertainties in the values of the other input parameters.
The main uncertainty comes from the continuum thresh-
olds and the decay constants, which is ~25% of the central

TABLE VIIL.  The strong coupling constants g4p/p's g¢p'p”> &1/yp'p'> a0d gy/yprpr in GeV~!in SU[(3) symmetry with m, =

1.26 GeV.

Coupling constant ch-off-sh ¢-off-sh Coupling constant ch-off-sh J/ yr-off-sh
84D%,D, 10.21 = 1.81 10.12 = 1.79 81/yD,D%, 9.02 £2.15 8.81 +2.01
84,0, 4.09 £ 115 391 +1.03 81/4D,D, 2.07 = 0.91 2.10 = 0.92
8¢D:D; 7.76 = 179 7.27 % 1.61 81/yDiD; 4.96 * 1.42 4.82 + 1.38
8¢D,\D, 15.37 £2.51 15.26 £2.47 87/ yDyD,, 10.70 *= 2.42 11.37 £ 2.55
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TABLE IX. Values of the strong coupling constant using different approaches: 3PSR [14], QM [27], 3PSR [28], VMD [29], and

CQM [30].

Coupling constant Ours Reference [14]

Reference [27]

Reference [28] Reference [29] Reference [30]

4.89 = 1.40 6.2+ 09

87/yD*D*

5.8 0.8 7.6 8.0=x05

value, while the other uncertainties are small, constituting
a few percent.

So far, the strong coupling constant values were inves-
tigated via the SU(3) symmetry breaking, and the mass of
the s quark was considered in the expressions of the
condensate terms and spectral densities. Now, we want to
analyze the strong coupling constants considering the
SUf(3) symmetry. For the stated purpose, the mass of the
s quark is ignored in all equations, i.e., m; — m, = 0 GeV
and {s5) — (uii).

In view of the SU/(3) symmetry, the values of the
parameters A and B for the ¢D'D'(¢D"D") and
J/yD'D'(J/yyD"D")verticesinm, = 1.26 GeV and A =
0.8 GeV are given in Table VII. Also considering the
SU(3) symmetry, we obtain the values of the strong cou-
pling constants in m, = 1.26 GeV shown in Table VIIIL.

Finally, we would like to compare our results with the
values predicted by other methods. It should be reminded
that with the SU(3) symmetry consideration, it is possible
to compare the coupling constant value of g;/,p:pr With
gy/yp*p*- Taking an average of the two values of the strong
form factor g,/ p:p for the off-shell D and the off-shell
J/ i, we obtain

gjjypip: = 489 * 1.40 GeV . (35
J

We compare our result for g/, p:p: in Eq. (35) with those
of other calculations for g, p*p+ in Table IX. Our value is
smaller than the values obtained using all the approaches
such as 3PSR [14,28], the quark model (QM) [27], the
vector meson dominance approach (VMD) [29], and the
constituent quark-meson model (CQM) [30], but it is in
good agreement with the QM calculation.

In summary, considering the contributions of the quark-
quark, quark-gluon, and gluon-gluon condensate correc-
tions, we estimate the strong form factors for the ¢ D'D’,
éD'D", J/yD'D', and J/yD'D" (D' = D¥,, D, and
D" = D, Dy,) vertices within 3PSR. The dependence of
the strong form factors on the transferred momentum
square Q° was plotted. We also evaluated the coupling
constants of these vertices. Detection of these strong
form factors and the coupling constants and their compari-
son with the phenomenological models like QCD sum
rules could give useful information about strong interac-
tions of the strange charmed mesons.
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APPENDIX A

In this Appendix, the explicit expressions of the coefficients of the quark-quark and quark-gluon condensate of the
strong form factors for the vertices ¢D'D’ and ¢ D" D" with application of the double Borel transformations are given.
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APPENDIX B

In this Appendix, the coefficients of the gluon condensate contributions of the strong form factors for the ¢ D'D’ and

¢ D" D" vertices in the Borel transform scheme are presented.

CiDTo b, = 1,(3,2,2)m® — 1,(3,2, 2)m8 + 1,(3,2, 2)m*m? — [,(3, 2, 2)m*m? — 1,(3, 2, 2)m3m>
+1,(3,2,2m2m3 + 31y(3,2, \)m?* — 1,(3,2, )m* + 31,(2, 2, 2)m‘g + 1,3, 1, 2)m*
+ 1,3, 2, Dm? + 21,2, 3, D)m3m, — 31,(4, 1, )m3m, — 414(2, 3, Dm3m, + 31,(4, 1, Dm3m,
—21,(2,2, 2)m3m, + 21,2, 2, 2m3m, + 103, 2, 2)m3m, + 193, 2, 2)m3m,
— 2i2(2, 3, Dmim, + f2(3, 2, \mim, — fl (3,2, Dmim, — f[lo’l](3, 2, 2)m2m?
— 1013, 2, 2)m2m? + 304(3, 2, Vm2m? — 21,(3, 2, Dm,m? + 21,(3,2, \)mm?
—21,(1,2,2)m2 — 3/21,(1,3, )m2 — 3193, 2, Ym2 — 31013, 1, 2)m2 — 31193, 2, 1)m2
+ 10132, 1)m2 + 614(1, 3, Dm? + 205(1, 2, 2)m2 — 31013, 1,2)m?2 — 1023, 2, 2)m?
— 311993, 2, ym2 + 2041, 2, 2)m? — 31004, 1, Ym2 + 5113, 2, 2)m? + 5113, 2, 2)m?
+3/20,(1,3, Dm2 = 3213, 1, 2)mom, + B3, 2, 2)mem, — 21193, 2, Hm,m,
+41,2,2, Ymem, + 13,2, 2)memg — 2103, 2, 1)mom, — 31013, 1, 2)m m,
+21,(1,2, 2)memy — 41,2, 2, Dmemg — 205(1, 2, 2)mom, — 41o(1, 3, Dmom, — 21012, 2, 2)m?
+ 1(1,2,2)m2 + 11043, 2, 2)m2 — 2112, 2, 1) + 27,(1,2, 1) + 2112, 2,2) — 20,(1,2, 1)
+20,2,1,1) = 25,2, 1, 1) + i1"Y(2,2,2) — 192, 2, 1)
+302, 1, 1) — 111, 2,2) + 112, 2,2) — 1143, 2,2) — 6°1(1, 3, 1) — 31°1(2, 1, 2),
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Copp, = —13. 2, 2mim, + 1,3, 2, 2mim, + 1,3, 2, 2)mim? — 1,(3,2, 2)mm} — 13,2, 2)m? — 314(3, 2, )m?
+ 31,4, 1, Dm* + 31,22, 2)m* — 35,4, 1, Dm? — 1,3, 2, Dm? — 31,(2, 2, 2)m? — (3,2, 2)m?
— 3052, 2, 2m* + 1,3,2, Dm? — 103, 2, 2)m? + 21,(2, 2, 2)m3m, + 3103, 2, Dm3my + 35,(4, 1, Dm3m,
+ 1,(3,2, Dmm, — 31,4, 1, )m3m, — 21,2, 2, 2)m>m, — 1,(3,2, D)m>m, + 61,(1, 4, 1) m2m?
+ 21,3, 2, 1)m2m? — 21,(3, 2, 1)m2m? — 61,(1, 4, 1)m2m? — 31,(3, 2, 1)m2m? — 21,(2, 3, )m m>
— 83,2, 2)mem3 — 13,2, 2)mem? + 21,2, 3, Dmem? + 1y(2, 1, 2)m? + 1023, 2, 2)m?
+ 20092, 2,2)m2 + 31013, 1,2)m2 — 5113, 2, 2)m2 + 3103, 2, Ym2 — 5113, 2, 2)m?
+ 31093, 1, 2)m? — 1,3, 1, Dm?2 + 1193, 2, 2)momg + 3,(1, 3, Dmom, — 31,(1, 3, )mom,
— 21892, 3, ymem, — 2192, 3, Dmom + BON3, 2, Dmomy + 41,2, 2, Vmem, — 45,2, 2, Dmm,
+ 3,2, 2mem, — 102, 2, Dmemg + 092, 2,2)m2 + 002, 2,2)m? + 21012, 2, 2)m? — 1,(2,2, 1)m?
— 152, 2, )m? + 1,2,2, )m? — 21043, 1,2) + 1011, 2,2) + [y(2,1, 1) — 21,(1,2, 1) + 21,(1, 1,2)
+ 1M1, 2,2) = 3103, 2,1) — 21,(1,1,2) + 02, 1,2) + 20,1, 2, 1) + 123, 2,2) + 271013, 1, 1)
+ 1y(1,2, 1),

Copep: = 10(3,2.2m8 — 193, 2, 2m3m + 1,3, 2, 2)mim? — 1,(3,2 2)mém? + Io(3, 2, 2)mim3 + 1,3, 2, 2)m2m
— 1,3,2,2)m2m? + 31y(4, 1, )m? + 3142, 2, 2)m? + 21¢(3,2, 2)m* + 21,(2, 3, Dm3m, + V3,2, 2)m3m,
— 2102, 2, 2)mim, — I3, 2, 2)m3m, — 314(4, 1, mdm, — 21,2, 2, 2)mim, — 21,(2, 3, Dm3m,
+ 2102, 3, Ymim, + 21,2, 2, 2m3m, — 193, 2, 2)m3m, — 2193, 2, 2)m2m? — 25¢(3, 2, 2)m2m?
+ 21193, 2, 2)m2m? + 20,2, 3, Vmem3 + 1013, 2, 2)m m3 + 615(1, 4, Dmem? — [5(2,2, 2)m m?
—21,2,3, Vmem? — 1,(2,2,2)m* + 13,2, 2)m* — 1013, 2, 2)m# + 1,(2,2, 2)m? + (2, 1, 2)m?
+ 853, 1,2)m2 — 1,3, 1, hm2 — 1192, 2, 2)m2 + 2113, 2, 2)m2 + 41043, 2, 2)m2 — 414(3,2, 1)m2
+ 452, 2, 2)m2 + 21193, 2, 2)m2 + 1,(3, 1, )m? — 8153, 1, 2)m? — 41,(2, 2, 2)m2 — 4193, 2, 2)m?
+ 6154, 1, )m?2 + 61¢(3, 1, 2)m? + 814(2, 3, Dmomy — 204(1, 2, 2)m.m, + 112, 2, 2)m m,
+21,(1, 2, 2memy + 1012, 2, 2)momy + 13,2, 2)memy — 12,2, Dmem, — 28012, 3, 1)m,m,
—20,(1, 2, 2memy; — 102, 2, 2)m m + 12,2, Vmem, — U3, 2, 2)mem, + 9/21,(1, 3, 1)m?
+ 13,2, 2)m2 — 12141, 4, Dm2 + 2415(1, 4, Dm?2 — 611011, 4, 1)m? — 2111903, 2, 1)m?
+ 61001, 4, Ym2 — 1012, 2,2)m2 — 9/21,(1, 3, )m? + 464(3, 2, Ym? — 2113, 2, 2)m? + 214(2, 2, 2)m?
— 41,3,2, )m? + 2192, 2, 2)m2 + (3, 1, Ym?2 — 2455(1, 4, 1)m? — 215902, 2, 2)m? + 414(3, 2, 1)m?
+ 121(3,2,2) — 492, 2,2) — 2192, 2, 2) — 12903, 2, 1) — 21191, 2, 2) — 413, 2, 1)
— 21(3,2,2) + 4i"2,2,2) + 212, 2,2) + 211113, 2, 2) + 81,(2, 2, 1) + 4113, 2, 2) + /1223, 1, 2)
— 815(2,2,1) + 305(1,3, 1) + 1293,2, 1) + 414(2,2, 1) — 85(2, 1,2) + 121,(3, 1, 1) — 271*(1, 2, 2)
=32, 2, 1) + iM2,1,2) — 21012, 2,2) — 61,(1,3, 1) + 615(1,3,1) — 41113, 2,2) — 413, 1, 1)
+ 4012, 2,2) — 4il0M(2,2,2) — 21012, 2, 1) + 2111, 2,2) — 12753, 1, 1) — 2713, 1, 2),
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Cop. b, = 3.2 2mimg — 13,2, 29mdm, + 1003, 2, 2)m? + 413, 2, 2)m} + 215(3, 2, 2)m? — 41,(3,2, 2)m?

+ 3104, 1, m* — 93,2, 2)m# — 2043, 2, Dm3m, + 103, 2, 2)m3m, + 31,(4, 1, Dm3m,
+215(2,2, 2)m3m, + 21,(3, 2, Dm2m? — 31,(4, 1, Dm2m? + 1,2, 2, 2)m2m? — 1,(2, 2, 2)m2m?

—21,(3,2, 1)m2m? — 21¢(3, 2, 2)m2m? + 31,(4, 1, )m2m?2 + 1,(3, 2, Dm.m3 — I,(3, 2, Dm.m>

A

— 1993, 2, 2)mem3 — 6ly(1,4, m.m3 — 1013, 2, 2)m,m? + 13,2, 2)m.m3 + 03,2, 2)m?

+ 13,2, Dm* — 1013, 2, 2)m# — 1,3, 2, Dm? — 30(1, 4, Dm? + 1,3, 2, )m? + 8I(3, 2, 1)m?

— 112993, 2, 2)m2 + 8153, 1, 2)m2 — 1212, 2, 2)m2 + 41213, 2, 2)m2 — 4113, 2, 2)m?

+ 211993, 2, 2)m2 — 416(3,2, ym2 + 13,2, 2)m2 — 81;3,2, m2 + 61(4, 1, m? + 2101(3,2,2)m?
+ 41(1,2,2)m2 + 6143, 1, 2)m2 — 81,(3, 1,2)m2 + I,(1, 3, Dm.m; — 1(2, 1, 2)m.m; — I,(1, 3, m, m,

+ 1,2 1, 2memy — 192, 2, 2)momg + 21892, 3, )mom, — 21013, 1, 2)mem, — 21892, 3, D)m m,

+ 1o(1, 3, Dmem, — 814(2, 3, mom, — 113, 2, 2)mom, + B2, 2, 2)mom, + U3, 2, 2)m m,

— 5,2, 1,2)mom, — 1214(1, 4, m? + 61101, 4, 1)m? + 4153, 2, )m?2 + 1,3, 1, )m? — 6101, 4, 1)m?

N

—403,2,20m2 = 1,(1, 2, 2)m2 + 119G, 2, 2)m2 = 2013, 2, 2m2 + 13, 1, Dm? + 15(1, 2, 2)me?

+ 30001, 4, Dm2 + 4163, 2, Ym? — 112, 2,2)m2 + 4113, 2, 2)m? — 1,3, 1, m? + 204(2, 2, 2)m?

+ 38091, 4, ym? — 41,3,2, Dm? — 21092, 2, 1) — 12053, 1, 1) + 4112, 2, 2) — 4/01(2, 2, 2)

— 03,1, 1) — 21093, 1,2) — 413, 2,2) + 41013, 2,2) — 271012, 2,2) + 8152, 1,2) — 814(2,1,2)

+ 492, 2,2) + 21,2, 1,1) — 112, 2,2) + 111(2,2,2) — 20,2, 1, 1) + 81,(2,2, 1) — 815(2,2, 1)

— 4153, 1,1) — 412, 2,2) + 45(2,2, 1) — 31y(2, 1, 1) — 411793, 2, 1) + 12,3, 1, 1) — 2102, 2, 2)

+2f13,2,2) + 31012, 1,2) = 31012, 1,2) — 815(2,1,2) + 2192, 2, 1) — 21592, 2, 1)

— fONGE 1, 1) + 3061, 3, 1) — 2/01(1,2,2) + 2412, 2, 2),

where

(1]
(2]

(3]
[4]

(6]

Almn " dm
fmnlea, b, ¢) = [M2]"[ME) ———

dﬂ

———— [M3)"[M3] (a, b, c).

dmz)m d(M3)"
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