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We analyze the rare semileptonic Bc ! D�
s0l

þl�, (l ¼ e, �, �) and Bc ! D�
s0� �� decays in the

framework of the three-point QCD sum rules. D�
s0 is a scalar meson with total spin 0 and even parity.

Taking into account the gluon condensate contributions as the important correction of the nonperturbative

parts of the correlation function and the large effects of Coulombic corrections, the relevant form factors

of these transitions have been calculated. The branching fractions and longitudinal lepton polarization

asymmetry are also investigated.
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I. INTRODUCTION

The �bc is the only system, composed of two heavy
quarks b and c with different flavors. Therefore among
the hidden charm c �c and beauty b �b families, the family of
Bc mesons with the open charm and beauty have a particu-
lar place. Both experimental and theoretical study on the
Bc meson could be useful for physicists, since in contrast to
the charmonium and bottomonium, the �bc system levels
have no strong and electromagnetic annihilation channels
of decays. In fact the pseudoscalar meson Bcð0�Þ is the
long-living particle that decays only via the weak interac-
tion. So the study of the Bc meson decays is the rich field of
the heavy quark physics, where one may extract the im-
portant information about the weak theory, leptonic decay
constants, as well as the origin of the CP violation and also
search for new physics beyond the standard model (SM)
(for details of the physics of the Bc meson, see [1]).

A scalar meson is a meson with total spin 0 and even
parity. In comparison with pseudoscalar meson, these me-
sons are most often produced in proton-antiproton annihi-
lation, radiative decays of vector mesons, and meson-
meson scattering. The discovery of the very narrow
D�

s0ð2317Þ [2] charm-strange meson with mass

2317 MeV and spin-parity structure of 0þ has triggered
hot discussion on its nature. The reason is its surprisingly
low mass, some 170 MeV below the predictions of stan-
dard relativistic constituent quark models for the ground-
state scalar c �smeson [3]. Also its measured mass is smaller
than the expected value in the potential model [4]. Many
theoretical papers have been dedicated to the understand-
ing of the nature of this state and its quark content [5–18].
Many physicists presume that the quark content of this
meson is c �s [16–23] and others believe that it might be a
�cqs �q four-quark state [5–8] and so on. The mass of the c �s
state is much smaller than that of the four-quark state
within quark model [24]. Furthermore, there are two 0þ
states in the four-quark system. But only one 0þ state is in
the c�s system, which is consistent with the experimental

search by BABAR [25]. Analysis of the radiative decay
Ds0ð2317Þ ! D�

s� also concludes that this state is the
conventional c�s meson [23].
The rare semileptonic Bc ! D�

s0l
þl�=� �� decays occur

at loop level by electroweak penguin and weak box dia-
grams in the SM via the flavor changing neutral current
(FCNC) transition of b ! s. The FCNC decays of Bc

meson are sensitive to new physics (NP) contributions to
penguin operators. So to test the SM and look for NP, we
need to determine the SM predictions for FCNC decays
and compare these results to the corresponding experimen-
tal values.
The QCD sum rules have been successfully applied to a

wide variety of problems in hadron physics [26]. Some
possible semileptonic decays of Bc involving charmed
mesons such as Bc!D0l� [27], Bc ! D�0l� [27,28],
Bc!D�

ðs;dÞl
þl� [29], Bc!Dðs;dÞlþl�=� �� [30], Bc!X� ��,

ðX ¼ D�
ðs;dÞ; Ds1ð2460ÞÞ [31], and Bc ! Ds1l

þl� [32] have

been studied in the framework of the three-point QCD sum
rules (3PSR).
In the present work, the Bc ! D�

s0l
þl�=� �� transitions

are investigated within the 3PSR approach. For analysis of
the above-mentioned decays, we calculate the transition
form factors of the semileptonic Bc ! D�

s0 decay. Also, we

consider the branching ratio values and longitudinal lepton
polarization asymmetry of these semileptonic decays. Any
future experimental measurement on these form factors as
well as decay rates and branching fractions and their
comparison with the obtained results in the present work
can give considerable information about the structure of
D�

s0 meson.

This paper is organized as follow. In Sec. II, we calculate
the form factors for theBc ! D�

s0 transition in the 3PSR. In

Sec. III, the two-gluon condensate contributions as the
nonperturbative corrections are calculated. Finally,
Sec. IV is devoted to the numeric results and discussions.

II. QCD SUM RULES FOR TRANSITION FORM
FACTORS

The Bc!D�
s0l

þl�=� �� decays are described via the loop

b ! slþl�=� �� transitions at quark level. The b ! slþl�
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transition receives contributions from electromagnetic and
Z-penguin and box diagrams, but the b ! s� �� transition
takes place only via Z-penguin and box diagrams (see
Fig. 1). In these loop transitions u, c, t are the intermediate
quarks in which the main contribution comes from the
intermediate top quark.

The effective Hamiltonian responsible for the b !
slþl� transition in the standard model can be written in
the following form:

Heff ¼ GF�

2�
ffiffiffi
2

p VtbV
�
ts

�
Ceff
9 �s��ð1� �5Þb�l��l

þ C10 �s��ð1� �5Þb�l���5l

� 2Ceff
7

mb

q2
�si���q

�ð1þ �5Þb�l��l

�
; (1)

where Ceff
7 , Ceff

9 , and C10 are the Wilson coefficients, GF is

the Fermi constant, � is the fine structure constant at Z
mass scale, and Vij are elements of the Cabibbo,

Kabayashi, Maskawa (CKM) matrix. For the � �� case, we
consider only the term containing C10. To derive the matrix
elements for Bc ! D�

s0l
þl�=� �� decays, we need to sand-

wich Eq. (1) between initial and final meson states. So the
amplitude of these decays is given by

M ¼ GF�

2
ffiffiffi
2

p
�
VtbV

�
ts

�
Ceff
9 hD�

s0ðp0Þj�s��ð1� �5ÞbjBcðpÞi�l��l

þ C10hD�
s0ðp0Þj�s��ð1� �5ÞbjBcðpÞi�l���5l

� 2Ceff
7

mb

q2
hD�

s0ðp0Þj �si���q
�ð1þ �5ÞbjBcðpÞi�l��l

�
;

(2)

where p and p0 are the momentum of initial and final
meson states, respectively. Because of the parity conserva-
tion, only the axial vector parts of s��ð1� �5Þb and

si���q
�ð1þ �5Þb contribute to the above matrix ele-

ments, i.e.,

hD�
s0ðp0Þj�s��bjBcðpÞi ¼ 0;

hD�
s0ðp0Þj�si���q

�bjBcðpÞi ¼ 0:
(3)

Considering Lorentz invariance and parity conservation
the matrix elements hD�

s0ðp0Þj�s���5bjBcðpÞi and

hD�
s0ðp0Þj�si���q

��5bjBcðpÞi are parametrized in terms of

the form factors as

hD�
s0ðp0Þj �s���5bjBcðpÞi ¼ �iðP�f1ðq2Þ þ q�f2ðq2ÞÞ;

hD�
s0ðp0Þj�si���q

��5bjBcðpÞi ¼ fTðq2Þ
mBc

þmD�
s0

½P�q
2

� q�ðm2
Bc
�m2

D�
s0
Þ�; (4)

where f1ðq2Þ, f2ðq2Þ, and fTðq2Þ are the transition form
factors, P� ¼ ðpþ p0Þ� and q� ¼ ðp� p0Þ�. Since

fTðq2Þ is related to the photon vertex (���q
��5), it is not

considered for the b ! s� �� transition. To calculate the
form factors f1ðq2Þ, f2ðq2Þ, and fTðq2Þ in the framework
of the QCD sum rules method, we start with the correlation
function, as follows:

�A;T
� ¼ i2

Z
d4xd4ye�ipxeip

0yh0j�fJD�
s0
ðyÞJA;T� ð0ÞJyBc

ðxÞgj0i;
(5)

where JD�
s0
ðyÞ ¼ �cs, JBc

ðxÞ ¼ �c�5b are the interpolating

currents of the D�
s0 and Bc mesons and JA� ¼ �s���5b,

JT� ¼ �s���q
��5b are the weak flavor changing quark cur-

rents. From the general philosophy of the QCD sum rules,
the correlation function can be calculated in two phenome-
nological and QCD or theoretical sides. Equating the co-
efficient of the selected structures from the phenom-
enological and the expressions, which is calculated by
the help of the operator product expansion (OPE) in the
QCD or theoretical side, the QCD sum rules for our form
factors can be obtained. We first calculate the phenomeno-
logical part of the correlation function given in Eq. (5). For
this aim, we need to insert the complete set of the inter-
mediate states with the same quantum numbers as the
currents JD�

s0
and JBc

. After standard calculations

�A;T
� ðp2; p02; q2Þ

¼ h0jJD�
s0
jD�

s0ðp0ÞihD�
s0ðp0ÞjJA;T� jBcðpÞihBcðpÞjJyBc

j0i
ðm2

D�
s0
� p02Þðm2

Bc
� p2Þ

þ higher resonances and continuum states (6)

is obtained. The decay constants fD�
s0
and fBc

are defined as

h0jJD�
s0
jD�

s0i ¼ fD�
s0
mD�

s0
; h0jJBc

jBci ¼ �i
fBc

m2
Bc

mb þmc

:

(7)

Using Eqs. (4) and (7) in Eq. (6), we obtain

�A
�ðp2; p02; q2Þ ¼ fBc

m2
Bc

ðmb þmcÞ
fD�

s0
mD�

s0

ðm2
D�

s0
� p02Þðm2

Bc
� p2Þ

� ½f1P� þ f2q�� þ excited states;

(8)

BcBcBc
u,c,t

ν(l)

l−( ν ) l+( ν )
_

l−( ν ) l+( ν )
_

W

γ (Z)

b bs

c c

W W
s

(a) (b)

Ds0Ds0
* *

u,c,t

FIG. 1. Semileptonic decay of Bc involving D�
s0. The electro-

weak penguin and box diagrams are shown in parts (a) and (b),
respectively.
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�T
�ðp2; p02; q2Þ ¼ fBc

m2
Bc

ðmb þmcÞ
fD�

s0
mD�

s0

ðm2
D�

s0
� p02Þðm2

Bc
� p2Þ

�
�

fT
mBc

þmD�
s0

� ½q2P� � ðm2
Bc

�m2
D�

s0
Þq��

�

þ excited states: (9)

To calculate the form factors f1ðq2Þ, f2ðq2Þ, and fTðq2Þ, we
will choose the structures P�, q� from �A

� and q� from

�T
�, respectively.

On the QCD side, using the operator product expansion
(OPE), we can obtain the correlation function in quark-
gluon language in the deep Euclidean region where p2 �
ðmb þmcÞ2, p02 � ðm2

c þm2
sÞ. For this aim, the correla-

tors are written as

�A
�ðp2; p02; q2Þ ¼ �A

1 ðp2; p02; q2ÞP�

þ�A
2 ðp2; p02; q2Þq�;

�T
�ðp2; p02; q2Þ ¼ �T

Tðp2; p02; q2Þq�;
(10)

where each �i function is defined in terms of the pertur-
bative and nonperturbative parts as

�iðp2; p02; q2Þ ¼ �per
i ðp2; p02; q2Þ þ�nonper

i ðp2; p02; q2Þ;
(11)

where i stands for 1, 2, and T. To obtain the perturbative
part of the correlation function, we should study the bare
loop diagrams in Fig. 1. In calculating the bare loop con-
tributions, we first write the double dispersion representa-
tion for the coefficients of the corresponding Lorentz
structures appearing in each correlation function as

�
per
i ¼ � 1

ð2�Þ2
Z

ds0
Z

ds
�iðs; s0; q2Þ

ðs� p2Þðs0 � p02Þ
þ subtraction terms; (12)

where �per
i ðs; s0; q2Þ are the spectral densities. Using the

usual Feynman integral, the spectral densities can be cal-
culated with the help of the Cutkosky rules, i.e., by replac-
ing the propagators with Dirac-delta functions:

1

p2 �m2 ! �2i�	ðp2 �m2Þ;

which implies that all quarks are real. After some straight-
forward calculations for the corresponding spectral den-
sities, we obtain

�A
1 ðs; s0; q2Þ ¼ �I0Ncf�þ �0 � 2mc½ð2þ E1 þ E2Þmc þ ð1þ E1 þ E2Þms�

þ 2mb½ð1þ E1 þ E2Þmc þ ðE1 þ E2Þms� þ ðE1 þ E2Þug;
�A
2 ðs; s0; q2Þ ¼ I0Ncf�� �0 þ 2mc½ðE1 � E2 þ 1Þms þ ðE1 � E2Þmc�

� 2mb½ðE1 � E2 � 1Þmc þ ðE1 � E2Þms� þ ðE2 � E1Þug;
�T
Tðs; s0; q2Þ ¼ I0Ncf�ðmb � 2mc �msÞ þ �0ð2mc �mb þmsÞ þ 2½mcðE2 � E1 þ 1Þ þmsðE2 � E1Þ�s

þ 2½mbðE1 � E2Þ þmcðE2 � E1 � 1Þ�s0 þ ðE1 � E2Þð2mc �mb þmsÞug; 
 (13)

where

I0ðs; s0; q2Þ ¼ 1

4�1=2ðs; s0; q2Þ ;

�ðs; s0; q2Þ ¼ s2 þ s02 þ q4 � 2sq2 � 2s0q2 � 2ss0;

E1 ¼ 1

�ðs; s0; q2Þ ½2s
0���0u�;

E2 ¼ 1

�ðs; s0; q2Þ ½2s�
0 ��u�; u¼ sþ s0 � q2;

�¼ sþm2
c �m2

b; �0 ¼ s0 þm2
c �m2

s ; (14)

and Nc ¼ 3 is the color factor.
The integration region in Eq. (12) is obtained requiring

that the argument of three delta vanish, simultaneously.
The physical region in the s and s0 plane is described by the
following inequalities:

�1 � 2ss0 þ ðsþ s0 � q2Þðm2
b � s�m2

cÞ þ ðm2
c �m2

sÞ2s
�1=2ðm2

b; s; m
2
cÞ�1=2ðs; s0; q2Þ

� þ1: (15)

III. GLUON CONDENSATE CONTRIBUTIONS

With the help of the operator product expansion (OPE),
in the deep Euclidean region where p2 � ðmb þmcÞ2 and
p02 � m2

c, the vacuum expectation value of the expansion
of the correlation function in terms of the local operators, is
written as follows:

��ðp2; p02; q2Þ ¼ ðC0Þ� þ ðC3Þ�h �qqi þ ðC4Þ�hGa
��G

a��i
þ ðC5Þ�h �q���T

aGa��qi
þ ðC6Þ�h �q�q �q�0qi þ � � � ; (16)

where ðCiÞ� are the Wilson coefficients, Ga
�� is the gluon
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field strength tensor, � and �0 are the matrices appearing in
the calculations. The nonperturbative part contains the
quark and gluon condensate diagrams. We consider the
condensate terms of dimension 3, 4, and 5. It is found
that the heavy quark condensate contributions are sup-
pressed by inverse of the heavy quark mass and can be
safely omitted. So there are three diagrams with mass
dimension 3 and 5. These diagrams are shown in Fig. 2.
Let us consider the condensate contribution of quark-
quark. After some calculations for diagram (a), we have:

ðC3Þ� ¼ � 1

4
Tr½Fðp; kÞ� þmu

16

� Tr

��
@

@p� þ @

@k�

�
Fðp; kÞ��

�
þ 1

32

�
m2

u �m2
0

2

�

� Tr

��
@2

@p�@k�
þ @2

ð@p�Þ2 þ
@2

ð@k�Þ2
�
Fðp; kÞ

�
;

(17)

where m2
0 ¼ 0:8� 0:2 GeV2 and Fðp; kÞ is

Fðp; kÞ ¼
�
��ð1� �5Þ i

ðp6 þ k6 Þ �mb

�5

i

k6 �mc

�
; (18)

for the ��ð1� �5Þ vertex, and is

Fðp; kÞ ¼
�
���q

�ð1þ �5Þ i

ðp6 þ k6 Þ �mb

�5

i

k6 �mc

�
;

(19)

for the���q
�ð1þ �5Þ vertex. In Eqs. (18) and (19), k is the

momentum of the c quark. The contribution of this diagram
is zero after applying the double Borel transformation with
respect to both variables p2 and p02, because only one
variable appears in the denominator. In a similar way, it
can be shown that the condensate contributions of other
diagrams are zero after applying the double Borel
transformation.

In the QCD sum rule method, OPE is truncated at some
finite order such that Borel transformations play an impor-
tant role in this cutting. Usually, the proper regions of the
Borel parameters are adopted by demanding that in the
truncated OPE, the condensate term with the highest di-

mension remains a small fraction of the sum of all terms.
These regions keep the convergence of the condensate
expansion under control and guarantee that one does not
introduce a large error neglecting the higher-dimensional
terms. In the numerical analysis section, we explain how
these proper regions are obtained. So we will not consider
the condensates with d 	 6 that play a minor role in our
calculations.
Therefore in this case, we consider the two-gluon con-

densate diagrams with mass dimension 4 as an important
term of the nonperturbative corrections. The diagrams for
contribution of the gluon condensates are depicted in
Fig. 3.
To obtain the gluon condensate contributions, we will

follow the same procedure as stated in [33]. The calcula-
tion of the gluon condensate diagrams are performed in the
Fock-Schwinger fixed-point gauge, x�Aa

� ¼ 0, where Aa
�

is the gluon field. In calculation of these diagrams, the
following type of integrals appear:

I0ða;b;cÞ¼
Z d4k

ð2�Þ4

� 1

½k2�m2
c�a½ðpþkÞ2�m2

b�b½ðp0 þkÞ2�m2
s�c

;

I�ða;b;cÞ¼
Z d4k

ð2�Þ4

� k�

½k2�m2
c�a½ðpþkÞ2�m2

b�b½ðp0 þkÞ2�m2
s�c

;

(20)

where k is the momentum of the spectator quark c. These
integrals can be calculated using the Schwinger represen-
tation for the Euclidean propagator, i.e.,

1

½p2 þm2� ¼ 1

�ð�Þ
Z 1

0
d��n�1e��ðp2þm2Þ: (21)

After Borel transformation using

Bp̂2ðM2Þe��p2 ¼ 	ð1=M2 � �Þ; (22)

we obtain

γµ(1−γ 5) ; q
νσµν(1+γ5) γµ(1−γ 5) ; q

νσµν(1+γ5)γµ(1−γ 5) ; q
νσµν(1+γ5)

γ5

b
s

s

c
γ5 1 γ5

c
1

b
s

s
b

s
s

1
c

g

g(c)(b)(a)

FIG. 2. Contribution of condensates with mass dimension 3 and 5. The quark-quark condensate and quark-gluon condensate are
shown in parts (a) and (b, c) for Bc ! D�

s0 transition, respectively.

N. GHAHRAMANY et al. PHYSICAL REVIEW D 81, 036005 (2010)

036005-4



Î0ða; b; cÞ ¼ ð�1Þaþbþc

�ðaÞ�ðbÞ�ðcÞ16�2
ðM2

1Þ2�a�cðM2
2Þ2�a�b

�U0ðaþ bþ c� 4; 1� c� bÞ;
Î�ða; b; cÞ ¼ 1

2
½Î1ða; b; cÞ þ Î2ða; b; cÞ�P�

þ 1

2
½Î1ða; b; cÞ � Î2ða; b; cÞ�q�; (23)

where

Î 1ða; b; cÞ ¼ ið�1Þaþbþcþ1

�ðaÞ�ðbÞ�ðcÞ16�2
ðM2

1Þ2�a�b

�ðM2
2Þ3�a�cU0ðaþ bþ c� 5; 1� c� bÞ;

Î2ða; b; cÞ ¼ ið�1Þaþbþcþ1

�ðaÞ�ðbÞ�ðcÞ16�2
ðM2

1Þ3�a�b

�ðM2
2Þ2�a�cU0ðaþ bþ c� 5; 1� c� bÞ:

(24)

Î in the above equations represents the double Borel trans-
formed form of integrals. M2

1 and M2
2 are the Borel pa-

rameters in the s and s0 channels, respectively. We can
define the function U0ð�;�Þ as

U0ða; bÞ ¼
Z 1

0
dyðyþM2

1 þM2
2Þayb

� exp

�
�B�1

y
� B0 � B1y

�
; (25)

where

B�1 ¼ 1

M2
1M

2
2

ðm2
sM

4
1 þm2

bM
4
2 þM2

2M
2
1ðm2

b þm2
s � q2ÞÞ;

B0 ¼ 1

M2
1M

2
2

ðM2
1ðm2

s þm2
cÞ þM2

2ðm2
b þm2

cÞÞ;

B1 ¼ m2
c

M2
1M

2
2

: (26)

After straightforward but lengthy calculations, we get the
following results for the gluon condensate contributions:

�hG2i
i ¼ i

�
�s

�
G2

�
C4
i

6
; (27)

where the explicit expressions for C4
i are given in the

Appendix.
The QCD sum rules for the form factors f1, f2, and fT

are obtained by equating two representations of the corre-
lation function and applying the Borel transformations
with respect to the p2ðp2 ! M2

1Þ and p02ðp02 ! M2
1Þ on

the phenomenological as well as the perturbative and non-
perturbative parts of the correlation function in order to
suppress the contributions of the higher states and contin-
uum:

f0iðq2Þ ¼
ðmb þmcÞ

fBc
m2

Bc
fD�

s0
mD�

s0

em
2
Bc
=M2

1e
m2

D�
s0

=M2
2

�
� 1

4�2

Z s0
0

ðmcþmsÞ2

� ds0
Z s0

sL

ds�A;T
i ðs; s0; q2Þe�s=M2

1e�s0=M2
2

þ iM2
1M

2
2

�
�s

�
G2

�
C4
i

6

	
; (28)

where f1ðq2Þ ¼ f01ðq2Þ, f2ðq2Þ ¼ f02ðq2Þ, and fTðq2Þ ¼
f0Tðq2Þ=ðmBc

�mD�
s0
Þ. s0 and s00 are the continuum thresh-

olds in Bc and D�
s0 channels, respectively. From the in-

equality (15), to use in the lower limit of the integration
over s, it is easy to express s in terms of s0, i.e., sL is

sL ¼ ðm2
c þ q2 �m2

b � s0Þðm2
bs

0 � q2m2
cÞ

ðm2
b � q2Þðm2

c � s0Þ : (29)

We use the quark-hadron duality assumption to subtract
the contributions of the higher states and the continuum as

�higher statesðs; s0Þ ¼ �OPEðs; s0Þðs� s0Þðs0 � s00Þ: (30)

Using Eq. (2), we get the following expressions for the
differential decay widths in terms of form factors:

γµ(1−γ5) ; qνσµν(1+γ 5) γµ(1−γ5) ; qνσµν(1+γ 5) γµ(1−γ5) ; qνσµν(1+γ 5)

γµ(1−γ5) ; qνσµν(1+γ 5) γµ(1−γ5) ; qνσµν(1+γ 5)g

g

g

g

gg g g

g

g

g

g

γ5 γ5
γ5

γ5 γ5 γ5

1 11

111

b b

b b

b

b

cc

c

c

cc

s s

s
s

s

s

γµ(1−γ5) ; qνσµν(1+γ 5)

FIG. 3. Contribution of two-gluon condensates for the Bc ! D�
s0 transition.
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d�

dq2
ðBc ! D�

s0� ��Þ ¼
G2

FjVtsV
�
tbj2m3

Bs
�2

28�5

� jC10j2�3=2ð1; r̂; ŝÞjf1ðq2Þj2; (31)

the function �ð1; r̂; ŝÞ is given as

�ð1; r̂; ŝÞ ¼ 1þ r̂2 þ ŝ2 � 2r̂� 2ŝ� 2r̂ ŝ;

where

r̂ ¼
m2

D�
s0

m2
Bc

; ŝ ¼ q2

m2
Bc

;

and

d�

dq2
ðBc !D�

s0l
þl�Þ¼G2

FjVtsV
�
tbj2m3

Bc
�2

3 �29�5
v�1=2ð1; r̂; ŝÞ

�
��

1þ2l̂

ŝ

��
�ð1; r̂; ŝÞ�1þ12l̂�1

�
;

(32)

where l̂ ¼ m2
l =m

2
Bc

and the expressions of �1 and �1 and v

are given as

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

l

q2

s
;

�1 ¼








Ceff

9 f1ðq2Þ þ 2m̂bC
eff
7 fTðq2Þ

1þ ffiffiffî
r

p










2þjC10f1ðq2Þj2;

�1 ¼ jC10j2
��

1þ r̂� ŝ

2

�
jf1ðq2Þj2

þ ð1� r̂ÞReðf1ðq2Þf�2ðq2ÞÞ þ
1

2
ŝjf2ðq2Þj2

�
;

where m̂b ¼ mb=mBc
.

IV. NUMERICAL ANALYSIS

This section encompasses our numerical analysis of the
form factors f1ðq2Þ, f2ðq2Þ, and fTðq2Þ, branching frac-
tions, longitudinal lepton polarization asymmetries, and
discussion. The sum rules expressions of the form factors
depict that the main input parameters entering the expres-
sions are Wilson coefficients Ceff

7 , Ceff
9 , and C10; elements

of the CKM matrix Vtb and Vts; leptonic decay constants
fBc

and fD�
s0
; Borel parameters M2

1 and M2
2, as well as the

continuum thresholds s0 and s00. We choose the values of

the gluon condensate, leptonic decay constants, Wilson
coefficients Ceff

7 , Ceff
9 , and C10, CKM matrix elements,

and quark and meson masses as h�s

� G2i ¼ 0:012 GeV4

[34], fD�
s0
¼ð225�25ÞMeV [23], fBc

¼ ð350� 25Þ MeV

[35], Ceff
7 ¼ �0:313, Ceff

9 ¼ 4:344, C10 ¼ �4:669 [36], j
Vtb j¼ ð0:77� 0:18Þ, j Vts j¼ ð40:6� 2:7Þ � 10�3,
ms¼ð104þ26

�34ÞMeV, mc¼ð1270þ70
�110ÞMeV, mb¼

ð4200þ170
�70 ÞMeV, mD�

s0
¼ð2318:8�0:6ÞMeV, and mBc

¼
ð6276�4ÞMeV [37].

Note that the values of the decay constants of the Bc and
D�

s0 mesons have been obtained from the two-point QCD

sum rules method.
The expressions for the form factors contain also four

auxiliary parameters: Borel mass squares M2
1 and M2

2 and
continuum threshold s0 and s00. These are not physical

quantities, so the physical quantities, form factors, should
be independent of them. The parameters s0 and s00, which
are the continuum thresholds of the Bc and D�

s0 mesons,

respectively, are determined from the conditions that guar-
antee the sum rules to have the best stability in the allowed
M2

1 and M2
2 region. The values of continuum thresholds

calculated from the two-point QCD sum rules are taken to
be s0 ¼ 35 GeV2 [35,38] and s00 ¼ ð2:5 GeVÞ2 [23]. The

working regions for M2
1 and M2

2 are determined by requir-
ing that not only the contributions of the higher states and
continuum are effectively suppressed, but guaranteeing
that the contributions of higher dimensional operators are
small. Both conditions are satisfied in the regions
12 GeV2 � M2

1 � 25 GeV2 and 8 GeV2 � M2
2 �

14 GeV2.
The dependence of the form factors f1, f2, and fT onM

2
1

and M2
2 for Bc ! D�

s0l
þl�=� �� decays are shown in Fig. 4.

This figure shows a good stability of the form factors with
respect to the Borel mass parameters in the working re-
gions. Our numerical analysis shows that the contribution
of the nonperturbative part is about 9% of the total and the
main contribution comes from the perturbative part of the
form factors.
The values of the form factors at q2 ¼ 0 are given in

Table I:
The sum rules for the form factors are truncated at about

4 GeV2 below the perturbative cut for the Bc ! D�
s0; so to

extend our results to the full physical region, we look for
parametrization of the form factors in such a way that in the
region 0 � q2 � ðmBc

�mD�
s0
Þ2, this parametrization co-

incides with the sum rules prediction. Our numerical cal-
culations show that the sufficient parametrization of the
form factors with respect to q2 is

fiðq2Þ ¼ fið0Þ
1þ �q̂þ �q̂2

; (33)

where q̂ ¼ q2=m2
Bc
. The values of the parameters fið0Þ, �,

and� are given in the Table II. The dependence of the form
factors f1ðq2Þ, f2ðq2Þ, and fTðq2Þ on q2 are given in Fig. 5.
Now we would like to present the values of the branch-

ing ratios for the considered decays. Integrating Eqs. (31)
and (32) over q2 in the whole physical region and using the
total mean life time �Bc

¼ ð0:46� 0:07Þ ps [37], the

branching ratios of the Bc ! D�
s0� �� and Bc ! D�

s0l
þl�

are obtained. The differential decay branching ratios for
the Bc ! D�

s0l
þl�=� �� decays as functions of q2 are shown

in Figs. 6–8. The results for electron and muon are ap-
proximately the same, so we consider l ¼ �, �. Also the
branching ratio values of these decays are obtained as
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presented in Table III, when only the short distance (SD)
effects are considered.

For the heavy quarkonium b �c, where the relative veloc-
ity of quark movement is small, an essential role is taken by
the Coulomb-like �s=v-corrections [27]. It leads to the

finite renormalization for �ðA;TÞ
i , (i ¼ 1, 2, T) so that

�c
i ¼ C�ðA;TÞ

i ; (34)

with

C 2 ¼ 4��C
s

3v

1

1� expð� 4��C
s

3v Þ
; (35)

where �C
s is the coupling constant of effective Coulomb

interactions. Also v is the relative velocity of quarks in the
b �c-system,

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4mbmc

p2 � ðmb �mcÞ2
s

: (36)

The value of the �C
s for the Bc meson is [27]

�C
s ½b �c� ¼ 0:45:

Considering the Coulomb corrections, the value of fið0Þ is
given in Table IV. The values of the branching ratios for
Bc ! D�

s0l
þl�=� �� decays, by considering Coulomb cor-

rections, are also presented in Table V.
Note that, the long-distance (LD) effects for the charged

lepton modes are not included in the values of Table V.
With the LD effects, we introduce some cuts close to q2 ¼
0 and around the resonances of J=c and c 0 and study the

TABLE I. The values of the form factors at q2 ¼ 0 for M2
1 ¼

18 GeV2 and M2
2 ¼ 10 GeV2.

fið0Þ Value

f1ð0Þ 0:20� 0:05
f2ð0Þ �0:28� 0:07
fTð0Þ �0:41� 0:10

TABLE II. Parameters appearing in the form factors for M2
1 ¼

18 GeV2, M2
2 ¼ 10 GeV2.

fiðq2Þ fð0Þ � �

f1ðq2Þ 0.20 1.10 �1:84
f2ðq2Þ �0:28 �0:81 �2:98
fTðq2Þ �0:41 �0:77 �2:47

FIG. 4. The dependence of the form factors onM2
1 andM

2
2 for Bc ! D�

s0 decay. The solid line corresponds to the f1, the dash line f2,
and the dash dot line fT .

FIG. 5. The dependence of the form factors on q2 at M2
1 ¼ 18 GeV2 and M2

2 ¼ 10 GeV2 for the Bc ! D�
s0 transition.

ANALYSIS OF RARE SEMILEPTONIC . . . PHYSICAL REVIEW D 81, 036005 (2010)

036005-7



three regions as follows:

I:
ffiffiffiffiffiffiffiffiffi
q2min

q
�

ffiffiffiffiffi
q2

q
� MJ=c � 0:20;

II: MJ=c þ 0:04 �
ffiffiffiffiffi
q2

q
� Mc 0 � 0:10;

III: Mc 0 þ 0:02 �
ffiffiffiffiffi
q2

q
� mBc

�mDs1
; (37)

where
ffiffiffiffiffiffiffiffiffi
q2min

q
¼ 2ml. In Table VI, we present the branching

ratios in terms of the regions shown in Eq. (37).

The errors are estimated by the variation of the Borel
parameters M2

1 and M2
2, the variation of the continuum

thresholds s0 and s00, and the variation of b and c quark

masses and leptonic decay constants fBc
and fD�

s0
. The

main uncertainty comes from the thresholds and the decay
constants, which is about
21% of the central value, while
the other uncertainties are small, constituting a few
percent.
Finally, we consider the longitudinal lepton polarization

asymmetries for these decays. We have [39]

PL ¼ 2v

ð1þ 2l̂
ŝ Þ�ð1; r̂; ŝÞ�1 þ 12l̂�1

Re

�
�ð1; r̂; ŝÞ

�
�
Ceff
9 f1ðq2Þ � 2C7fTðq2Þ

1þ ffiffiffî
r

p
�
ðC10f1ðq2ÞÞ�

�
; (38)

where v, l̂, r̂, ŝ, �ð1; r̂; ŝÞ, �1, and �1 were defined before.
The dependence of the longitudinal lepton polarization
asymmetries of the Bc ! D�

s0 decays on the transferred

momentum square q2 are plotted in Fig. 9 in the region 0�
q2�ðmBc

�mD�
s0
Þ2 GeV2. Note that the result for the elec-

tron mode is similar to this for the muon mode.
Any experimental measurements on the branching frac-

tions of these decays and those comparisons with the
results of the phenomenological models like QCD sum
rules could give valuable information about the nature of
the D�

s0ð2317Þ meson and strong interactions inside them.

FIG. 8. The same as Fig. 6 but for the Bc ! D�
s0� ��.

FIG. 6. The dependence of the differential decay branching
fraction of the Bc ! D�

s0�
þ�� decay on q2.

FIG. 7. The same as Fig. 6 but for the Bc ! D�
s0�

þ��.

TABLE III. Our values for the branching fractions of the
mentioned decays by considering M2

1 ¼ 18 GeV2 and M2
2 ¼

10 GeV2.

Modes Br

Bc ! D�
s0� �� ð3:06� 0:76Þ � 10�7

Bc ! D�
s0e

þe� ð3:79� 0:94Þ � 10�8

Bc ! D�
s0�

þ�� ð3:76� 0:92Þ � 10�8

Bc ! D�
s0�

þ�� ð1:28� 0:32Þ � 10�9

TABLE IV. The values of the form factors at q2 ¼ 0 by con-
sidering Coulomb corrections.

fiðq2Þ Value

f1ð0Þ 0:46� 0:10
f2ð0Þ �0:65� 0:16
fTð0Þ �0:94� 0:25

TABLE V. The values for the branching fractions of Bc !
D�

s0l
þl�=� �� decays, by considering Coulomb corrections.

Modes Br

Bc ! D�
s0� �� ð1:62� 0:46Þ � 10�6

Bc ! D�
s0e

þe� ð2:01� 0:59Þ � 10�7

Bc ! D�
s0�

þ�� ð1:98� 0:57Þ � 10�7

Bc ! D�
s0�

þ�� ð7:80� 2:26Þ � 10�9
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In summary, the Bc ! D�
s0l

þl�=� �� decays were con-

sidered. We computed the relevant form factors consider-
ing the contributions of the gluon condensate corrections.
Also the total decay widths and the branching fractions of
these decays were evaluated. Finally, the dependence of the
longitudinal lepton polarization asymmetries of the Bc !
D�

s0 transition on the transferred momentum square q2

were plotted. Detection of these channels and their com-
parison with the phenomenological models like QCD sum
rules could give useful information about the structure of
the D�

s0 scalar meson.
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APPENDIX

In this appendix, the explicit expressions of the coeffi-
cients of the gluon condensate entering the sum rules of the
form factors fiðq2Þ, (i ¼ 1, 2, T) are given.

C4
1
:¼ �10Î½0;1�0 ð3; 2; 2Þmc

2mb
3 þ 10Î0ð2; 3; 1Þmc

2mb
3 þ 10Î0ð2; 2; 2Þmc

2mb
3 þ 10Î0ð3; 2; 1Þmb

5 þ 10Î0ð2; 3; 1Þmb
5

� 30Î0ð1; 4; 1Þmb
5 � 10Î0ð3; 1; 1Þmc

3 þ 10Î½0;1�0 ð3; 2; 1Þmc
2mb � 10Î0ð2; 2; 2Þmc

2mb
3 þ 30Î0ð2; 3; 1Þmc

2mb
3

þ 10Î½0;1�0 ð3; 2; 2Þmc
2mb

3 þ 10Î0ð3; 1; 1Þmc
2mb � 10Î½0;1�0 ð3; 1; 2Þmc

2mb þ 10Î0ð2; 1; 2Þmc
2mb þ 10Î0ð1; 2; 2Þmb

3

þ 15Î1ð4; 1; 1Þmc
4 � 5Î2ð3; 2; 1Þmc

4 � 5Î2ð3; 1; 2Þmc
4 þ 5Î1ð3; 1; 2Þmc

4 þ 15Î1ð2; 2; 2Þmc
4 � 15Î2ð4; 1; 1Þmc

4

þ 15Î½0;1�2 ð3; 2; 2Þmc
4 � 15Î½0;1�1 ð3; 2; 2Þmc

4 � 15Î2ð2; 2; 2Þmc
4 þ 5Î1ð2; 1; 3Þmc

4 � 5Î1ð3; 2; 1Þmc
3mb

� 5Î1ð3; 1; 2Þmc
3mb þ 10Î0ð2; 2; 2Þmc

3mb � 5Î0ð3; 2; 1Þmc
3mb � 10Î1ð2; 2; 2Þmc

3mb � 10Î2ð2; 3; 1Þmc
3mb

þ 10Î½0;1�1 ð3; 2; 2Þmc
3mb � 5Î2ð3; 2; 1Þmc

3mb þ 10Î0ð2; 3; 1Þmc
3mb � 5=2Î1ð2; 1; 3Þmc

3mb þ 15Î0ð4; 1; 1Þmc
3mb

� 15Î1ð4; 1; 1Þmc
3mb þ 5Î0ð3; 1; 2Þmc

3mb � 10Î½0;1�1 ð3; 2; 2Þmc
3mb þ 10Î1ð2; 3; 1Þmc

3mb � 5Î2ð3; 1; 2Þmc
3mb

þ 15Î2ð4; 1; 1Þmc
3mb þ 5Î2ð2; 1; 3Þmc

3mb � 10Î½0;1�2 ð3; 2; 2Þmc
3mb þ 10Î2ð2; 2; 2Þmc

3mb � 5Î0ð2; 2; 2Þmc
2mb

2

TABLE VI. The branching ratios of the semileptonic Bc ! D�
s0l

þl�=� �� decays including LD effects.

Modes I II III

BrðBc ! D�
s0e

þe�Þ ð1:43� 0:39Þ � 10�7 ð3:31� 0:86Þ � 10�8 ð1:89� 0:51Þ � 10�9

BrðBc ! D�
s0�

þ��Þ ð1:42� 0:38Þ � 10�7 ð3:30� 0:85Þ � 10�8 ð1:90� 0:52Þ � 10�9

BrðBc ! D�
s0�

þ��Þ undefined ð1:54� 0:42Þ � 10�9 ð2:44� 0:64Þ � 10�9

FIG. 9. Longitudinal lepton polarization asymmetry on q2. The left figure shows this quantity for the Bc ! D�
s0�

þ�� decay and the
right belongs to the Bc ! D�

s0�
þ��.
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� 10Î2ð3;2;1Þmc
2mb

2 þ 30Î2ð1;4;1Þmc
2mb

2 þ 10Î1ð3;2;1Þmc
2mb

2 þ 5Î½0;1�1 ð3;2;2Þmc
2mb

2 � 30Î1ð1;4;1Þmc
2mb

2

� 10Î1ð3;2;1Þmcmb
3 � 10Î1ð2;3;1Þmcmb

3 þ 5Î½0;1�1 ð3;2;2Þmcmb
3 � 30Î0ð1;4;1Þmcmb

3 � 20Î½0;1�0 ð2;2;2Þmcmb
2

þ 10Î½0;2�0 ð3;2;2Þmcmb
2 � 10Î0ð1;2;2Þmb

3 � 10Î0ð3;1;1Þmb
3 þ 10Î0ð2;1;2Þmb

3 � 10Î½0;1�0 ð2;3;1Þmb
3 � 50Î0ð1;3;1Þmb

3

� 10Î½0;1�0 ð2;2;2Þmb
3 þ 20Î½0;1�0 ð2;2;1Þmc� 10Î½0;2�0 ð3;2;1Þmc� 20Î½0;1�0 ð2;1;2Þmcþ 10Î½0;2�0 ð3;1;2Þmcþ 5Î½0;1�1 ð2;2;2Þmb

2

þ 10Î½0;1�2 ð2;2;2Þmb
2 þ 10Î½0;1�2 ð3;2;1Þmb

2 � 5Î1ð2;2;1Þmb
2 � 5Î½0;2�2 ð3;2;2Þmb

2 þ 10Î0ð2;2;1Þmb
2 � 10Î½0;1�1 ð3;2;1Þmb

2

� 5Î0ð3;1;1Þmb
2 � 10Î½0;1�1 ð2;2;2Þmb

2 � 30Î½0;1�2 ð1;4;1Þmb
2 þ 30Î½0;1�1 ð1;4;1Þmb

2 � 5Î0ð2;1;2Þmb
2 þ 15Î½0;1�2 ð1;3;1Þ

þ 5Î½0;2�1 ð2;1;3Þ� 10Î2ð1;2;1Þ� 15Î½0;1�2 ð1;3;1Þþ 5Î½0;1�2 ð2;2;1Þ� 10Î1ð1;2;1Þ� 15Î½0;1�1 ð1;3;1Þ� 5Î½0;1�1 ð1;1;3Þ
þ 5Î½0;1�2 ð1;1;3Þ� 10Î½0;1�1 ð1;2;2Þþ 5Î½0;1�1 ð2;1;2Þþ 15Î½0;2�1 ð2;2;2Þ� 15Î½0;2�2 ð2;2;2Þ� 5Î½0;2�2 ð2;1;3Þþ 10Î½0;1�2 ð1;2;2Þ
þ 10Î½0;2�1 ð3;1;2Þ� 10Î½0;2�2 ð3;1;2Þ� 5Î½0;1�1 ð2;2;1Þ� 5Î½0;1�1 ð2;2;1Þþ 15Î½0;1�1 ð1;3;1Þþ 10Î0ð3;1;1Þmb

3 � 10Î0ð2;1;1Þmc

þ 10Î½0;1�0 ð3;1;1Þmc � 10Î½0;1�0 ð2;1;2Þmb � 30Î0ð1;2;1Þmb� 10Î0ð1;1;3Þmb þ 10Î0ð3;2;1Þmb þ 10Î½0;1�0 ð2;2;2Þmb

þ 10Î0ð1;1;2Þmb;

C4
2
:¼ 10Î0ð3; 2; 2Þmc

5mb
2 � 10Î0ð3; 2; 2Þmc

3mb
4 þ 10Î0ð3; 1; 2Þmc

5 � 10Î0ð3; 2; 1Þmc
5 þ 30Î0ð4; 1; 1Þmc

3mb
2

� 20Î½0;1�0 ð3; 2; 2Þmc
3mb

2 þ 20Î0ð2; 2; 2Þmc
3mb

2 � 10Î0ð2; 2; 2Þmc
2mb

3 þ 30Î0ð2; 3; 1Þmc
2mb

3

þ 10Î½0;1�0 ð3; 2; 2Þmc
2mb

3 � 10Î½0;1�0 ð3; 2; 2Þmcmb
4 þ 20Î0ð3; 2; 1Þmcmb

4 � 60Î0ð1; 4; 1Þmcmb
4 � 10Î0ð3; 2; 1Þmb

5

� 10Î0ð2; 3; 1Þmb
5 þ 30Î0ð1; 4; 1Þmb

5 � 20Î½0;1�0 ð3; 1; 2Þmc
3 þ 20Î0ð2; 1; 2Þmc

3 � 20Î0ð2; 2; 1Þmc
3

þ 20Î½0;1�0 ð3; 2; 1Þmc
3 � 10Î0ð2; 1; 2Þmc

2mb � 10Î½0;1�0 ð3; 2; 1Þmc
2mb þ 10Î2ð3; 2; 1Þmcmb

3 � 5Î½0;1�1 ð3; 2; 2Þmcmb
3

þ 30Î1ð1; 4; 1Þmcmb
3 � 5Î½0;1�2 ð3; 2; 2Þmcmb

3 þ 10Î2ð2; 3; 1Þmcmb
3 þ 30Î2ð1; 4; 1Þmcmb

3 � 5Î0ð3; 2; 1Þmb
4

þ 15Î0ð1; 4; 1Þmb
4 þ 5Î1ð1; 1; 3Þmc

2 þ 10Î½0;1�1 ð3; 1; 2Þmc
2 � 10Î½0;1�1 ð3; 2; 1Þmc

2 � 15Î2ð1; 3; 1Þmc
2

� 5Î2ð1; 1; 3Þmc
2 þ 15Î2ð1; 3; 1Þmc

2 þ 15Î½0;1�2 ð3; 1; 2Þmc
2 � 15Î1ð1; 3; 1Þmc

2 � 10Î2ð1; 2; 2Þmc
2

� 15Î½0;1�1 ð4; 1; 1Þmc
2 þ 10Î1ð1; 2; 2Þmc

2 þ 5Î½0;1�2 ð2; 1; Þmc
2 � 30Î½0;1�1 ð2; 2; 2Þmc

2 þ 15Î½0;1�2 ð3; 2; 2Þmc
2

� 15Î½0;2�2 ð3; 2; 2Þmc
2 � 15Î½0;1�1 ð3; 2; 1Þmc

2 � 10Î½0;1�1 ð2; 3; 1Þmcmb � 10Î½0;1�1 ð2; 2; 2Þmcmb � 5Î½0;1�2 ð3; 2; 1Þmcmb

� 10Î2ð1; 2; 2Þmcmb � 5Î2ð2; 1; 2Þmcmb � 15Î½0;1�1 ð3; 2; 1Þmcmb þ 5Î2ð2; 2; 1Þmb
2 þ 5Î½0;2�1 ð3; 2; 2Þmb

2

þ 5Î½0;1�1 ð2; 2; 2Þmb
2 þ 10Î½0;1�2 ð2; 2; 2Þmb

2 þ 10Î½0;1�2 ð3; 2; 1Þmb
2 � 5Î1ð2; 2; 1Þmb

2 � 5Î½0;2�2 ð3; 2; 2Þmb
2

þ 10Î0ð2; 2; 1Þmb
2 � 10Î½0;1�1 ð3; 2; 1Þmb

2 � 5Î0ð3; 1; 1Þmb
2 � 10Î½0;1�1 ð2; 2; 2Þmb

2 � 30Î½0;1�2 ð1; 4; 1Þmb
2

þ 30Î½0;1�1 ð1; 4; 1Þmb
2 � 5Î0ð2; 1; 2Þmb

2 þ 15Î½0;1�2 ð1; 3; 1Þ þ 5Î½0;2�1 ð2; 1; 3Þ � 10Î2ð1; 2; 1Þ � 15Î½0;1�2 ð1; 3; 1Þ
þ 5Î½0;1�2 ð2; 2; 1Þ � 10Î1ð1; 2; 1Þ � 15Î½0;1�1 ð1; 3; 1Þ � 5Î½0;1�1 ð1; 1; 3Þ þ 5Î½0;1�2 ð1; 1; 3Þ � 10Î½0;1�1 ð1; 2; 2Þ
� 15Î½0;1�1 ð3; 1; 2Þmc

2 þ 10Î0ð2; 2; 1Þmc
2 � 5Î½0;1�1 ð2; 1; 3Þmc

2 þ 15Î1ð1; 3; 1Þmc
2 � 10Î0ð2; 1; 2Þmc

2

þ 30Î½0;1�2 ð2; 2; 2Þmc
2 þ 15Î½0;1�2 ð3; 2; 1Þmc

2 þ 15Î½0;1�2 ð4; 1; 1Þmc
2 � 20Î0ð2; 2; 1Þmcmb þ 5Î1ð2; 1; 2Þmcmb

� 5Î0ð2; 1; 2Þmcmb � 5Î½0;2�1 ð3; 2; 2Þmcmb þ 10Î0ð1; 3; 1Þmcmb þ 10Î½0;1�2 ð2; 3; 1Þmcmb � 10Î2ð1; 3; 1Þmcmb

þ 15Î1ð1; 3; 1Þmcmb � 15Î½0;1�1 ð3; 1; 2Þmcmb � 5Î1ð1; 1; 3Þmcmb � 5Î½0;1�2 ð2; 1; 3Þmcmb � 20Î2ð2; 2; 1Þmcmb

þ 40Î0ð2; 2; 1Þmc
2mb þ 10Î½0;1�0 ð3; 1; 2Þmc

2mb � 60Î0ð1; 3; 1Þmcmb
2 þ 20Î0ð3; 1; 1Þmcmb

2

� 20Î½0;1�0 ð2; 2; 2Þmcmb
2 þ 10Î½0;2�0 ð3; 2; 2Þmcmb

2 � 10Î0ð1; 2; 2Þmb
3 � 10Î0ð3; 1; 1Þmb

3 þ 30Î0ð1; 3; 1Þmb
3

þ 10Î½0;1�0 ð2; 2; 2Þmb
3 þ 10Î½0;1�0 ð2; 3; 1Þmb

3 � 10Î0ð2; 1; 2Þmb
3 þ 20Î½0;1�0 ð2; 2; 1Þmc � 10Î½0;2�0 ð3; 2; 1Þmc

� 20Î½0;1�0 ð2; 1; 2Þmc þ 10Î½0;2�0 ð3; 1; 2Þmc � 10Î0ð1; 1; 2Þmb þ 10Î0ð1; 2; 1Þmb þ 10Î½0;1�0 ð2; 1; 2Þmb;
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C4
T
:¼ �5Î2ð3; 2; 2Þmc

6 þ 5Î1ð3; 2; 2Þmc
6 þ 5Î0ð3; 2; 2Þmc

5mb þ 5Î2ð3; 2; 2Þmc
5mb þ 15Î1ð4; 1; 1Þmc

4 � 5Î2ð3; 2; 1Þmc
4

� 5Î2ð3; 1; 2Þmc
4 þ 5Î1ð3; 1; 2Þmc

4 þ 15Î1ð2; 2; 2Þmc
4 � 15Î2ð4; 1; 1Þmc

4 þ 15Î½0;1�2 ð3; 2; 2Þmc
4

� 15Î½0;1�1 ð3; 2; 2Þmc
4 þ 10Î½0;1�1 ð3; 2; 2Þmc

3mb � 5Î2ð3; 2; 1Þmc
3mb þ 10Î0ð2; 3; 1Þmc

3mb � 5Î1ð2; 1; 3Þmc
3mb

þ 15Î0ð4; 1; 1Þmc
3mb � 15Î1ð4; 1; 1Þmc

3mb þ 5Î0ð3; 1; 2Þmc
3mb � 10Î½0;1�0 ð3; 2; 2Þmc

3mb þ 10Î1ð2; 3; 1Þmc
3mb

� 5Î2ð3; 1; 2Þmc
3mb þ 15Î2ð4; 1; 1Þmc

3mb þ 5Î2ð2; 1; 3Þmc
3mb � 10Î½0;1�2 ð3; 2; 2Þmc

3mb þ 10Î2ð2; 2; 2Þmc
3mb

� 5Î0ð2; 2; 2Þmc
2mb

2 � 10Î2ð3; 2; 1Þmc
2mb

2 þ 10Î2ð3; 2; 1Þmcmb
3 � 5Î½0;1�0 ð3; 2; 2Þmcmb

3 þ 30Î1ð1; 4; 1Þmcmb
3

� 5Î½0;1�2 ð3; 2; 2Þmcmb
3 þ 5Î1ð1; 1; 3Þmc

2 þ 10Î½0;1�0 ð3; 1; 2Þmc
2 � 10Î½0;1�0 ð3; 2; 1Þmc

2 � 15Î2ð1; 3; 1Þmc
2

� 5Î2ð1; 1; 3Þmc
2 þ 15Î2ð1; 3; 1Þmc

2 þ 15Î½0;1�2 ð3; 1; 2Þmc
2 � 15Î1ð1; 3; 1Þmc

2 � 30Î½0;1�1 ð2; 2; 2Þmc
2

þ 15Î½0;2�1 ð3; 2; 2Þmc
2 � 15Î½0;2�2 ð3; 2; 2Þmc

2 � 15Î½0;1�1 ð3; 2; 1Þmc
2 � 10Î0ð2; 1; 2Þmc

2 þ 30Î½0;1�2 ð2; 2; 2Þmc
2

þ 15Î½0;1�2 ð3; 2; 1Þmc
2 þ 15Î½0;1�2 ð4; 1; 1Þmc

2 � 20Î0ð2; 2; 1Þmcmb þ 5Î1ð2; 1; 2Þmcmb � 5Î0ð2; 1; 2Þmcmb

� 5Î½0;2�1 ð3; 2; 2Þmcmb þ 5Î½0;1�1 ð3; 2; 1Þmcmb � 10Î½0;1�2 ð2; 2; 2Þmcmb þ 20Î1ð2; 2; 1Þmcmb � 15Î2ð1; 3; 1Þmcmb

þ 5Î½0;2�2 ð3; 2; 2Þmcmb þ 10Î1ð1; 2; 2Þmcmb þ 15Î½0;1�1 ð3; 1; 2Þmcmb þ 10Î1ð1; 3; 1Þmcmb � 10Î½0;1�0 ð2; 3; 1Þmcmb

� 10Î½0;1�0 ð2; 2; 2Þmcmb � 5Î½0;1�2 ð3; 2; 1Þmcmb � 10Î2ð1; 2; 2Þmcmb � 5Î2ð2; 1; 2Þmcmb � 15Î½0;1�0 ð3; 2; 1Þmcmb

þ 5Î2ð2; 2; 1Þmb
2 þ 5Î½0;2�1 ð3; 2; 2Þmb

2 þ 5Î½0;1�0 ð2; 2; 2Þmb
2 þ 10Î½0;1�2 ð2; 2; 2Þmb

2 þ 10Î½0;1�2 ð3; 2; 1Þmb
2

� 5Î1ð2; 2; 1Þmb
2 þ 15Î½0;1�2 ð1; 3; 1Þ þ 5Î½0;2�1 ð2; 1; 3Þ � 10Î2ð1; 2; 1Þ � 15Î½0;1�2 ð1; 3; 1Þ þ 5Î½0;1�2 ð2; 2; 1Þ

� 10Î1ð1; 2; 1Þ � 15Î½0;1�1 ð1; 3; 1Þ � 5Î½0;1�1 ð1; 1; 3Þ þ 5Î½0;1�2 ð1; 1; 3Þ � 10Î½0;1�1 ð1; 2; 2Þ þ 10Î½0;2�1 ð3; 2; 1Þ
� 10Î½0;2�2 ð3; 2; 1Þ;

where

Î
½i;j�
n ða; b; cÞ ¼ ðM2

1ÞiðM2
2Þj

di

dðM2
1Þi

dj

dðM2
2Þj

½ðM2
1ÞiðM2
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